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1 INCE ee 
0 hath been introduced in- 
to P hyſical Speculations, 
and Men be begun to ſee 
thro the empty Jargon of the 
Schools, to diſtinguiſn betwixt 
Chymera s and Solid Know- 
ledge, Learning has received 
vaſt Improvments: And I = 
venture to ſay, that you 
your late excellent Work, wil 
which you have obliged the 
World, havc done more Ser- 


Wer to true Philoſophy, and 
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DEDICATION. 


uſeful Learning, than any 
one ſingle Perſon beſides ; for 
thoſe many and great Advan- 
ces which have been made 
within this laſt Century, in par- 
ticular parts of Learning, you 
have with great Improvements 
and good advantage brought 

into one view, and under the 
modeſt Title of Lexicon Techni- 
cum, have given us a compleat 
body of Science, | 
Nor is your Goodneſs leſs 
conſpicuous then your other 

Qualifications, your generous 
Converſation and diſintereſted 
fincere Friendſhip, makes you e- 
ſteemed and beloved byallthoſe 
who have had the Happineſs of 
your more intimate Acquain- 
tance; 


tance ; and I am ſure I may 
with better reaſon ſay of you, 
what that great General Alex- 
ander did of his Maſter Arifto- 
tle : That my Being indeed is a 
Debt due to my Parents, but my 
well Being is entirely owing to you. 
Be pleaſed, Sir, to accept with 
your wonted goodneſs, this 
ſmall preſent which I here make 
you, and look upon it as a mark 
of that juſt Eſteem andReguard 

I have for my beſt Friend. I 
own it is yours by Right for 
*twas you thatEngaged me in it, 
and have ſince Reviſed theSheets 
as they came from the Prefs. 

I need not ſay any thing of 
the Author I have here Tranſ- 
lated; for your putting me up- 
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DEDICATION. 


on it {ſufficiently ſhows the va- 
lue of the Original, and your 
Correcting the Sheets, in my 
Abſence, will, I hope, in ſome 
meaſure recommend the Per- 
formance. 


May you Live long and hap- 


pily, for the Service of the 


Church and your Country, the 
Encouragment of good Letters, 


and the Ornament of the Ma- 
thematicks; which is wiſhed 


«4 none more earneſtly than 
Y. | 


S I R, 
Tour moſt Obedient 


and Humble Servant, 


B. RoBinsoN. | 
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SF PREFACE: 


: OME Tears ago 1 publiſhed a Treatiſe 
8 8 of Conick Sections in a new Method, 
and Demonſtrated their Principal {+ 20 
ties from the Cone: But ſuch as had not 
been ſufficiently enured to Demonſtrations 
about the Interſections of Planes and So- 
lids, found it difficalt to underſtand them, 
tho? they were very I. and Plain when 
once Comprehended. This put me upon 
ſeeking out another Method, whereby, with. 
out making uſe of the Cone, and by only 
drawing Curve Lines upon 4 Plane, J 
might demonſtrate the ſame Properties of 
the Conick Seftions : And after having try- 
ed that Method as being the moſt ſimple and 
eafie of all others, T laid it aſide at laſt, 
not being able to Surmoun at that time 
all the diſiculties which occured. But I 


A 4 was 
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was ſatisfied with having reduced the Co- 
wick Seflpons to 4 Plain, which I called 
Plane Conicks: ; 2 J applied to thoſe 
Plain Sections the ſame Demonſtrations 
which, I had before made for the Solid. 
An I can ſay, that That Work had the 
good fortune to have the Approbatic of 
many Learned Geometers, 
. altho* it be very Advantagiows to 
pleaſe the Learned, jet we ought by ho 
means to make that the Sole Object and 
Ultimate End of our Studies, and to 
negtett the Inſtruction of thoſe that are de- 
firous to underſtand things of this Nature; 
and I think they ought to be contented when 
they are ſhewed ſeveral ways of doing the 
Same thing; for then every one may make 
choice of that which he likes beſt. | 
. Without ſlaying to give you an Enume- 
ration of ſuch Authors at have Written 
well on this Science, or ſhewing you the 
different Methods of deſcribing theſeCarves 
"uſed by them; I [hell only inſiſt on the 
ifference that there i between my Method, 
nd that of Mr de Witt, which hath 
n july te the M, „ 


= 


PREFACE. 


' He makes uſe of a particular Method 
for the Deſcription of each Section, and 
which, eſpecially in the Parabola and Hy- 

perbola, # embaraſſed with many Lines, 
interſeiting one another in certain Angles ; 
by which means "tis difficult at firſt for 
the Learner to get à clear and plain Idea 
the Formation of theſe Curves; where- 

as the Deſcription that I uſe, and which 
is taken from the Principal Properties of 
the Foci, hath nothing for its Rule but 
one fingle Line, which in the Ellipſis is 
equal to the Sum, in the Hyperbola, & 
equal to the difference of two other Lines 
drawn from the Foci. to 4 point in the 
Curve deſcribed: And in the Parabola, 
the ſum and difference are found together ; 
for beſides its Focus which is determined in 
the Axis, if you 6445 alſo another in 
the Axis at an Infinite diſtance within the 
Parabola below *tis evident that the ſum 
of theſe Lines which ſhall be drawn from 
amy point in the Curve of the Parabola, to 
thoſe two Foci, ſbal be equal to one and 
the ſame Line drawn from the InfinitelyDi- 


Sant Focus to 4 Line, which being perpen- 
dicular 


The Author's 


dicalar to the Axis, ſhall meet it in 4 point 
which is as far diſtant from the Vertex of 
the Parabola as the determined Focus. 

And if you ſuppoſe another Focus Infi. 
nitely Diſtant in the Axis above, nithout 
the Parabola, i alſo evident, that the 
Difference of two Lines drawn from any 
Point in the Curve of the Parabola, to 
that Indetermined- Focus, and to the 
other determined one ſhall be equal al. 
ways to one and the ſame Line. 

Wy heſe are the Properties, and theſe 
are of very great uſe in Geometry, eſpe- 
cialij in Ca'optricks, Dioptricks 4nd 
Aſtronomy. | 

J Believe Mr. de Witt would not 
have uſed ſo compounded a Method for 
the Deſcription of theſe Curves, had he 
not thought that the Demonſtrations would 
have been more eaſy and Simple on that 
account : Which he could not bring to 
paſs in the Eliphs, when he endeavoured 
to Demonſtrate the Properties 5 the Dia- 
meters, The Demonſtration which I have 
given you, hath ſome Conformity with 
that of the Ancients, but ti much more 
ſimple and Plain. 8 This 


PREFACE. 


This Book contains all the Elementary 
Properties of the Conts & Sections, and 
there is no more Gecmetry required, than 
to underſtand thro'ly the firft Six Books 
of Euclide's Elements ; or the Subſt ance 
of what is contained in them, as it hath 

en demonſtrated divers ways by many 
Learned Geometers, I have by no means 
changed the Names which A pollonius 
gave to the Curves, beth becauſe cuſtom 
bath familiarized them to us, and alſo 
becauſe I have demonſtrated in their order, 
the Properties on which they depend. 
The Parabola takes its Name from the 
Equality, that there is between the 
Squares of the Ordinates to the Diameter, 
and the Reftangles under the Parameter 
and the Abſciſſæ: 4s I have demonſts a- 
ted in the 1. Corollarie of the firſt 
Propoſition, and in vhe 14 of the Pa- 
rabola. 
The Ellipſis is ſo called becauſe the 

Rectangles under the Parameter and the 
Abſciſſæ or the Parts of the Diameter 
intercepted between the Vertex and the 
ſeveral Ordinates , are leſſer than the 


Squares 
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Squares of ſuch Ordinates, by 4 Rectangle 
fimilar to thoſe RefFangles. As I have 
ſhewed in the 5 and 18 Propeſitions about 
| the Ellipfis. In the Hyperbols the afore- 
| aid Rectangle under the Parameter and 
the Abſciſſæ exceeds the Squares of the 
ſeveral Ordinates, by a ſimilar Rectangle, 
&c. as I have demonſtrated in the 3 and 
22 Propofitions of the Hyperbola. 
| Toa will find in the Treatiſe, the moſt 
wſeful Part of the Firſt Book of Apollo» 
nius ; The Properties of the Aſ[ymptotes, 
F which he delivers in his Second Book, and 
| the firſt Propoſitions of the Third, and 
thoſe about the Foci: Which are the moſt 
confiderable. 25 
As to the Proportions which I make uſe 
of, I cite only Compoſition , Diviſion 
and Equality of Ratio's; becauſe I ſup- 
| poſe my Reader knows how to change Al- 
|  ternately, or to Invert or Convert the 
Terms of Four Proportianals, &c. 
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TREATISE 


Conick Sections. 


PARABOLA. 


Generation of the 
PARABOLA © 


The 
If « right Line as AD be drawn apon a 
Plain, and a Point as F be taken 
ae thi Line; I ſay, an infinite 
Number of Points as P, P, P, may 
be found in ſuch an Order, "that the 
Line FP drawn * the Point F zo 
each Point P, ſhall be equa | * 


— — — 


(2) 


drawn from the ſame Point P perpen- 


| 


| 
| 

[| dic ular to A D. 

1 

„ . 2 2 . 
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[| ROM any point at pleaſure in 

i the Line A D (ſuppoſe A) having 
= drawn AP perpendicular to A D, 

[| and likewiſe. the Line F A; make the An- 

[| gle AFP equal to the Angle FA P, and 

[| the point P will be one of the points re- 

| | _ And after the ſame manner an in- 

[| nite Number of others may be found. 


COROLLARY. 


 Thro' the point F having drawn the Line 
FD perpendicular to A D; it is evident 
that P F (the Line which paſſes thro the 
points P, P,) biſſects FD in T, and that 
the Line PP T increaſeth infinitely, 0 
ike- 
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likewiſe runs off infinitely from the Line 
FD produc'd down towards the part F. 


' DEFINITION I. 
The Curve Line P, P, T, form'd by be- 
ing drawn through the points P, P, is 
call d a Parabola. TN 
DEFIN. II. 


The point T is call'd the Vertex, and 
the point F the Fo of that Parabola. 


DEFINE | 7 
The Line DFO the Axis; and any part 
of it a OT, lying between the Vertex and 
any point, as O, is calld the Abſcifla, 
DEFIN. IV. 


The Line P O drawn from any of the 
points P of the Parabola, perpendicular to 
tlie Axis, is call'd an Ordinate to the Axis. 


DE FIN. V. 


All the Lines within the Parabola, which 
are drawn parallel to the Axis, are calld 


Diameters, 


DE- 


DEFIN. VL 


A right Line which meets the Parabola f 
only in one point, and which does not cut 
it, is call d a Tangent to it in that point. 


PROP. 1. 


The preceeding Generation of the Para- 
bola being ſuppos'd: T ſay, the Square 
any Ordinate as, P O, i equal to 
a Rectangle under twice the Line FD 
multiplyd into T O that part of the 
Axis which is contain d between the * 
Vertex T, and O the point where it. 
meets the Ordinate. . 1. 


Let TD = a, conſequently F D will 
be = 2a; and let FO =b; DOS AFP 
== F P by the Generation of the Parabola, and 
DOzg = FPg, bu FPS POT, 
1 4ab +65; there- 
fore POg +46 = 44a 2 44 +bb, 
and taking away b b from both ſides of 
the Equation there remains POqgq = 4 
4 2 ＋ 44, but 4aa+ 44b=2 FD 
* OT, therefore PO 4 = 2 F DR 
O T. W. W. D. - = 


7 


(5) 
COR OL. I 


It is evident from the foregoing Prop. 
chat the Square of each Ordinate is N 
to a Rectangle, under a Line, which is the 
double of F D, and conſequently an invaria- 
ble Quantity, and T'O the Aſeiſſa, or 
that part of the Axis intercepted between 
the Vertex T and O the Foot of the Or- 
dinate. | | 


DEFINITION. 


The Line equal to 2 FD is call'd the 
Parameter ot the Axis, and by ſome the 
Latus Rectum. . 


COR OL. n. 


It is evident that the Focus is Diſtant - 
from the extremity of the Axis, or Vertex 
+ part of the Parameter. 


COR OL. III. 


It is likewiſe evident that the Squares 
of the Ordinates are to one another, as 
their reſpective 4bſciſſe, or the parts of the 
Axis comprehended between the Vertex, 
and thoſe points where each of em meets 
its reſpective Ordinate, for all of them are 
equal to Rectangles, whoſeBaſes are thoſe 


(46 
Abſciſſe, and whoſe common Altitude is 
the Parameter; but Refangles of the fame 


or equal Ahitudes are as their Baſes 
'P RO P. II. 


Ti be right Line TS, drawn through the 
| 75 T, Paralel ro PO, touthes the 
arabola in the ſame point 2 


1ft. If it be poſſible let the Line 18 
(Se Fig, in pag. 2.) meet the Parabola in 
any other point as 8; then having drawn 
Iz parallel to the Axis, F S Sa by the 
Generation wherefore FS = F T, {becauſe 
FT, TP, and Sa are equal) which is 


Abſurd: For in theRight Angled Triangle | J 
FTS, the fide F'S Which fubtends the 
Right Angle is greater than either of the 3 


other ſides. 


dh. It is till leſs. poſſible that T8 


ſhould ever. fall within the Parabola, for 
then the Parahola would fall between Da 


and T'S, which is impoſſihle from the. 3 
Generation : Therelons, the aft | 
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(7) 
PRO P. III. 


The ſame things being ſappo#d as before; 
I ſay, that a Diameter, as PI can 
meet the Parabola only in one point P. 


- 40 


Suppoſe t the Diameter meet the Paratela 
in another point as I, the Line IF will be 
= TA from the Generation, but PF=PA 
for the ſame Reaſon ; wherefore PF+PI . 
will be = IF, which is Abſurd; for any 
two ſides of a Triangle taken together are 
greater than the third, wherefore the Pro- 
polittork is true. 


1 PROP. 


(089 
PROP. IV. 


The ſame things being ſtill ſupposd as 
above, araw the Line F A, and ha- 
; wing biſſetted it in E, draw PE. 1 
fay, the right Line PE touches the 
Parabola is the point P only. 


1. Let any other point as p, (See Ng. p. 7.) 
be aſſign d, where the Tangent PE may 
be ſaid to meet the Curve: Tis eaſie to 
ſhew that Suppoſi tion to be Impoſſible or 
Abſurd. For drawing p F to the Focus, 
and p a parallel to the Axis, the Line p E. 
is perpendicular to the Baſe of the Iſoſce- 
les Triangle Fp A ſince it biſſects it in E: 
Wherefore A p and F p are equal; but ap 
=to Fp from the Generation of the Parabola, 
therefore a p will be = A p, which is Ab- 

ſurd: For the Angle pa A is a Right 
one; therefore the Line PE does not 
meet the Parabola in the point p. 


21. Again, if it be poſſible let the Para- 
bola below the point P, fall without the 
Line EPL with reſpect to the Axis, that 
is, let the part PL of the Line EPL be 


always within the Parabola. From any => 
O 


(9) 
of the points as S of the Suppos'd Parabola 
lying without the Line LP, having drawn 
SF to the Focus, and S V parallel to the 
Axis; by the Generation of the Parabola, 
SF=SV; but SA is greater than'SV, 
the Angle SVA being a right One; there- 
fore SA is ter than SF, which is Ab- 
ſurd: For the Line EPL biſſects AF, and 
is perpendicular to it, and likewiſe paſſes 
thro the point S. wherefore S A and SF 
will be equal. Therefore it is evident, 
that S is not one of the points of the Pa- 
rabola, and conſequently that the Propoſi- 
tion 1s true. | 


COROLLARY. 


It is evident, that the Angle FGE, 
made by the Tangent P G and the Axis, 
is equal to the Angle FAD, which is 
equal to the Angle APE or FPE; for 
the two Triangles F GE, FAD are Right 
angled at E and D, and have the Angle 
at F common ; liekwiſe the Angle at the 
point A of the Triangle PAE is equal 
to the Angle A FD, by reaſon of the pa- 
rallel Lines PA, FD, and the Triangle 
FP E is equal and ſimilar to the Triangle 
APE. It is alſo manifeſt, that the Tri- 


angle PFG is an Iſoſeeles one. 5 
B 3 PR OP. 


(19 
PROP. V. 


7 here can be but one Line, as PE G, 
which touches the Pal abola in the ſame 
point P, and doth not cut it, 


Suppoſe it poſſible fox another Tangent 
as P to touch it in the ſame point. From 
the Focus F having drawn F @ perpendicular 
to Pg, Fa will meet AD in ſomepointass; 
For the Tangent Pg always meets the Ax- 


15 and can never be parallel to it, for then 
it would be a Diameter, and would paſs 
within the e Having drawn a dn | 
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Axis, and alſo all the Diameters, and that 


(17 ) | 
rallel to the Axis, and ſo that it meets the 
Parabola in p, pF will be equal to pa, by 
the Generation of the Parabola: and Fa being 
biſſected in e, the right Line pe M will 
touch the Parabola in p, and will be paral- 
lel to Pg, by the precedeiis Piopoſtlion, being 
each of em perpendicular to Fa: But the Tan- 
gent PE meets the other Tangent pe with- 
out the Parabola, fince both of em are Tan- 
gents; Wherefore P parallel to p e will 
paſs within the Parabola, which is Abſurd ; 
for it was ſuppos'd a Tangent, and conſe- 
quently ought to be without: Therefore 
the propoſition is true. 


COROLLARY. 


Tis evident from what has been demon- 
ſtrated that all the Tangents meet both the 


they likewiſe meet one another, ſince by the 
4th Propoſition they are not parallel. 
"SANE. 

Toflid « Taigent, which on the ſame fidt 
with the Patabola and the. Tangent, 
makes an Angle with the Axis leſs than 
any given Angle; provided the Angle 
Liven be not greater than 4 Right one. 


B 4 Let 


(12) 


Let the Line F a be drawn fo, that the 
Angle FaD may be equal to the Angle gi- 
ven; then take the point A, on the other 
fide of a, with regard to the Axis: I ſay, 
It is evident, that the Angle FAD will be 
leſs than the given Angle Fa D; and (by 
Cor. Prop. 4.) the Line PE G drawn thro' 


the point P, (where the Line AP parallel 
to the Axis meets the Parabola) and the 
point E (which biſſects FA) will be a 
Tangent to the Parabola in the point P; 
and will, with the Axis, make the Angle 
PGF equal to the Angle FAD which is 
leſs then the given Angle FaD, which 
was to be done, | 


PROP. / 


* 
— — = . MA" = " 


1 
PROP. vn. 


Suppofing the ſame things as before; T ſay, 
that the part of the Axis T G compre» 
hended between the extremity T, andthe 
point G, where the Tangent meets it, i 
equal to T O, the part contain'd between 
the ſame extremity T, and O that point 
where the Ordinate PO draws from P 
tbe point of Contract of that Tangent, 
meets the Axu. h | 


&S 0 


— 


* - O Ys 


By Cor. Prop. 4. the Triangle PGF isan | 
looſceles, therefore F Gis = FP =PA 
vn 


( 14) 
(from the Generation of the Parabola) or DO, 
becauſe P O is parallel to A D; and if from 
the equal Lines FG, DO be taken the e- 
22 FT, DT, the remaining Lines 
1G, TO will be equal W. W. D). 


„ COROLLAXI. 
If the Tangent T'S be drawn thro' the 
point T, and produc d till it meet the Di- 
ameter A PI; and if the Line II be drawn 
parallel to the Tangent PG; it follows 


that PS and PI are equal, for PS is = 
TO, and PI=TG. 


PROP. VIII. 


The ſame things remaining 45 before, the 
Angle IP L made by the Tangent P L, 
and the Diameter PI drawn thro P 

the Point of Contact, is equal to the 
Angle FP G contain d between the Tan- 
gent LPG and the Line FP drawn 
from the Focus F to the Point of Con- 
tadt P. 


By Cor. Prop. 4. (See Fig. in p. 14.) the . | 
Angle FPG is equal to the Angle GPA 
which is equal to the Angle LPI; where- 
fore the Angle I PL is equal to the Angle 
G. W. W. v5. CO- 


AY 


( 15) 
COROLLARY. 

It is alſo 351. by that the Angle L Py 

is equal toGP I, by adding the common 


Angle FPI to the 4 bo equal Angles IPL, 
and FP G. 


PROP, 1X, 


If thro the Point of Contact P, P M 
be drawn perpendicular to the 7 angent, 
and continu d till it meet the Axis in 
M; I /ay the Line OM contain d le- 
tween the Foot of the Ordinate O, and 
the Point M, is equal to half Parame- 
ter of the Avis, 


The Line PG is perpendicular to FA, 
(by Prop. 4) wherefore A , and PM are 


_ * wherefore OM is equal to DF, which is 


"TS EZ 
| arallel; but the Triangles AD F and 

50 M are equal and ſimilar by reaſon of 
the Parallels PA, DM, and AD, PQ; 


equal + the Parameter by the Definition of 
the Parameter, W. W.D. | 


PROP. X, 


Jn the Parabola T EP, whoſe Axis is 
TO, draw the Tangent PH to the 
Point P, meeting the Axis in H, and 
another Tangent, as T B, to the Vertex 
I T meeting another. Diameter 23 D PB 
produced to B; Then will the Triangle 
T AH mad: by the two Tangents and 
the Axis be equal and ſimilar to the Tri- 
angle BAP made by the ſame Tangents, 
and the Diameter BP produced. 


cm 


Having drawn PO (See Fig. in the twenti- 
eth Page) at right Angles to the Axis, 1O 
is = TH; (by the ſeventh Prop.) but BP is = 
T O, therefore BP = TH : Theſe Lines 
BP and TH are alſo parallel, as likewiſe 
are BT' and PO; wherefore the Trian- 
gles TAH, and BAP are equal and ſimi- 
lar W. W. D. | 


COROL- 


(7) 
COROLLARY. 


Having drawn T D parallel to PH, if 
each of the equal Triangles be added to 
the Trapezium TDPA, the Triangle 
TDB will be equal to the Parallelo 

T DPH, which is equal to the Rectangled 
Parallelogram IO F B, becauſe they have 
equal Baſes T O, TH, and are between 
the ſame Parallels; but the Rectangle 
TOPB is yet farther equal to the Tri- 
angle P OH, by reaſon'of the two equal 
Triangles APB and ATH. | 


PROF. 


(18) 


The fame things being es 45 before; | 
ino Lines FG and cM be aravn i 
through any point of the Parabola, as E, 

4 tothe two Tangents P AH and 

BAT; the Triangle EG M is equal. 

to the Nectangle & T BF. 


From the nature of parallel Lines, tha Tris 


angle PO H. Triangle EGM::P Og: 
E G; but (by * 1. Cor. 3.0 2015 
| q:: 


( 19) 
EG4:: TO. TG: And TO. T6:3 
Rectangle TOP B. Rectangle T'G FB: 


Therefore (by proportion of Equality} the 
Tirangle OH. Triangle EGM:: Rect- 
angle T OPB. Rettangle TG FB; but 
the Triangle POH is equal ta the 
Rectangle T OP B(byCor. Prop. Precedent ;} 
therefore the Triangle E G M is equal to 
the Rectangle T GFB. W. W. D. 
After the ſame manner the Triangle 
eg M may be demonſtrated equal to the 


Rectangle T gf B. | 
PROP. XII. 


The Triangle EFI is equal to the Paral- 
lelogram PIMH. 


If the point E be between ? and T, 
(See Fig. in the foregoing Page) the Triangle 
POH (by Cor. Prop. th, is equal to the 
Rectangle POTB; from which if you, 
take equal things, viz. if from the Trian- 
gle POH you take the Triangle MEG, 
and from the Rectangle FO T B, the 
Rectangle T GFB equal to the Triangle. 
MEG: (by Prop. 11.) And again, if rom. 
each you take the Quadrilateral Figure 
PQ GO, there remains the Quadxilate 
ral Figure EQ HM equal to the Triage 
gle QFP ; to each of which, if the com- 

' mon 
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(20) 
mon Quadrilateral Figure PI EQ be ad 
ded, the — 2 PIH M Sil DE 
equal to the Triangle EFI. | 

But if the point E be on the other hand 
of the point T with regard to P, the Tri- 
angle A BP (by Prop. 10.) is equal to the 
Triangle A T H, and adding the common 


B 
F 


Figure PIM T A to each of them, the Pa- 
rallelogram PI MH will be equal to the 
Trapezium IM T B, from which Trapezi- 
um if the Rectangle G T BF be taken, and 
to the remaining Figure FG MI be ad- 


ded to the Triangle GE M which is 
equal to the Rectangle GT BF; (&y 


Prop. 1 1.) then will the Triangle E FI be 
equal to the Parallelogram P IMH. ©”? 


c 
1 
Laſih, 
, 
N 


(2r) 
Laſth, If the Point E be on the other fide 
pas in e: The Triangle TAH is equal 
o the Triangle ABP; (by Prop. 10.) and 
= the Figure Tg f PA be added to each, 
he Quadrilateral Figure Hyg f P, will be 
qual to the Rectangle TgyB, which i 
WE-cual to the Triangle ge M (by the prece- 
;) then if the common Quadrilateral 
Figure M gf I be taken from the Quadri- | 
ateral Figure Hg f P and the Triangle 
Mg e which is equal to it; there remains 
che Parallelogram P I MH equal to the 
Triangle ef I. W. W. D. 8 


; PROP. XIII. 


from 4 Point E in the Parabola, (Eg. 

pi. 20. 22.) be drawn the right Link 

Ee parallel to a Tangent, as PH. 

Then will the right Line Ee meet the 

Parabola in another point ase ; and 

likewiſe be biſſected in T by the Diame- 
ter P I, drawn thro P the Point of 

Contact. 


. — —_— F h —— — — — —— 


If BT be the Tangent the 1ſt part of 
the Prop. is evident om the Generation of 
the Parabola : But if another Tangent be 
dawnas PH; A Tangent (by Prop. 6.) 

C way 


| -CaC ) 
may be found, which ſhall make an An- 
le with the Axis, leſs then the Angle 
GH, and on the ſame fide of the Axis; i 
wherefore this Tangent will meet the 
Tangent P H on one fide of P, and the 
Tangent I' A onthe other; and the Line 
Ee being parallel to P H, will alſo meet 
the two Tangents either without the Pa- 
rabola or upon it, on each fide the Diame- 8 
ter PI, and conſequently the Parabola in 
two Points as E, e, which is the firſt part 
of the Prop. : | 
The Triangle EFI (by Prop. Preced.”) is 
equal to the Parallelogram PIM H, which 
is alſo equal to the Triangle ef I, where- 
fore the two Triangles are equal: But they 
are likewiſe ſimilar, by reaſon of the pa- 
rallel Lines, which form them, therefore 
EI is equal to e I, W. W. P. | 


DEFINITION. 


Thoſe Lines are called Ordinates to 3 
Diameter which are drawn parallel to a 
Line touching the Parabola in the vertex / 

of that Diameter; as thoſe Lines are 
Ordinates to the Ait which are perpen- 
dicular to it. n 


PROP | 


(23) 
PROP. XIV. 


The ſquares of the Ordinates as E], 
A Y belonging to one and the ſame 
Diameter as Þ I, are to one another 
as the Parts of this Diameter PI, PM 
compriz'd between the Vertex P, and 
the Points where it meets the Ordi- 


nates I] and . 


H 
M 


74 


For (the Triangles E Fl, and E FT 
being ſimilar) the Triangle E FI is to the 
Triangle A F Y as A. ſquare of EI to 

C2 --.. 
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1 
the ſquare of Æ Y ; but (by Prop. 1 2.) the 
Triangle E F I is equal to the Parallelo- 
gram PIMH ; and the Triangle EFI 
is equal to the ParallelogramPYMH ; 
and theſeParallelograms are to one another 
as PItoPY; wherefore the ſquare of 1 
ET is to the ſquare of XA Y,asP I to P I. 


W. W.D. 
"Tis the ſame thing if the Ordinatesbe 


taken on the other fide the Diameter as 
e I; for they are equal to the Former. (B) 


Prop. 13.) 
Definition of the Parameter. 


The Parameter belonging to any Diame- 
ter is a third Proportional to any Abſciſſa, 
as PI, and its reſpe&ive Ordinate as IE, 


COROLLARY. 


It is evident that the ſquare of an Ordi- 
nate to auy Diameter (as AY is an Ordi- 
nate to the Diameter PI) is equal to 2 
Rectangle under the Parameter, and PI 
that part of the Diameter which is contain” 
ed between the Vertex P, and Y the Point 
where the Ordinate meetsthe Diameter. 


PROP. 


(25 ) 
PROP. XV. 


If 4 Tangent as E Q be drawn thro the 
point E of a Parabola, meeti 
Diameter as PQ in Q; and if thro 
the ſame point E, be drawn an Ordi- 
nate to this Diameter, I ſay PQ. 
and PI are equal, 


Draw the Axis T F, and BT A a Tan- 
gent in the point T, and PH a Tangent in 
P, which PH will be parallel to EI, (by 


e 0 
| 

L SI 
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(26) 
Prop. 13.) to which E I let T D be drawn 
parallel, as likewiſe ML, EG, PO, paral- 
lel to B A; then (by Cor. 3. Prop. 1.) the 
Square of P O, or B T which is equalto 
it, is to the Square of E Gas T Oto 1G 
or as their doubles BD to M G, And be- 
cauſe of the parallel Lines, the Squareof BT 
is to the Square of EG as the Square of 
BD to the Square of GF; therefore the 
Square of BD is to the Square of G F as 
BD is to M G, and coniequently G Fis 
a mean Proportional between BDand MG. 
In like manner the Square of BT or the 
Square of LM is to the Square of G E as 
the Square of Q L to the Square of MG; 
wherefore the Square of Q L is to the 
Square of M G as BD to M G; QL 


therefore is a mean proportional between 


the ſame B D, M G; and conſequently 
GF and Q L are equal; and if to theſe 


2 equal Lines be added the equal Lines 


L B and T G, as likewiſe the equal Lines 
BP and TH, the 2 Sums will be equal, 
that is PQ will be equal to FH which is 
equal to PI from the nature of parallel Lines, 
W. W.D. 


PROP. 


FR. 


In the Parabola A F B, whoſe Axis is 
© AE, and Diameter B C; from the 
« extremity B of the Diameter B C 
© dravw B D an Ordinate to the Axis. 
& 7 ſay, the Parameter of the Dia- 
© meter BC, exceeds the Parameter 
4 of the Axis AE by Quadraple the 
* zntercepted Axis AD. 2 


- . n — 


(28) | 

_ * Having drawn BT touching the Pa- 
* rabola in B, and meeting the Axis in T; 
* BE perpendicular to the Tangent in 
B; DF parallel to BE; and AC pa- 
* rallel to B T, which A C will be an Or- 
* dinate to the Diameter B C (by Def. 
* Prop. 13.) ; and conſequently equal to 
* TB (and BC = AT from parallel lines) 
& which is equal to AD; (by Prop. 7.) : 
* But-DE is equal to the Semiparame- 
beter of the Axis (by „ 
Let the right Line P be equal to the 
Parameter of the Axis, and p equal to 
© the Parameter of the Diameter BC. 
„Then (Prop. 1. and Prop. 14. Cor.) ACq 
« is to BDg, as the Rectangle B Cxp 
* is tothe Rectangle AD equal to B CP; 
de but theſe Rectangles having equal Alti- 
* tudes are to one another as p to P; 
* And, from the Similarity of Triangles, 
* the Square of BT is to the Square of 
© BD, as BT toBF; and BT is to BF 
«as ET to ED; But ET is equal to 
* DT, or DA twice taken, together with 
« DE, which DE isequal to P; then ET 
«is toEDas2E Tto2E D; but 2ET 
“ js equal to 4 DA +P, and 2ED=P, 
* therefore E T is to ED as 4 DA +P 
te is to P, (and ex Equo) p will . to 


0 "—- 


(29 ) 
4p 26 4 DAA P is to P, conſequently 
cc p is equal to 4 DAT P. W. W. D. 


COROLLARY. I. 


© It is evident from this Propoſition 
© that the Parameters of thoſe Diameters 
© which Are farther diſtant from the Ax- 
© i, are greater then the Parameters of 
© thoſe Diameters which are nearer to 
“ it. For the Square of BD. is to the 

* Square of A C as the Parameter of the 
c 4x35, to the Parameter of the Diame- 
ter BC. 


PROP. XVIL 


& Ix the Parabola BA, whoſe Axis is 
© AC, draw any Diameter as B D, 
and FB from the Focus E to B, 
© the extremity of the Diameter 
* BD. And the Right Line FB 
© will be equal to + of the Parame- 
* ter of that Diameter. 1 


cc 


AE 


(30) 


ee AE is equal to AF (by the ConſtruB;oy 
E the Farabola ) wnich is equal to + of 


D| 


BM 


* the Parameter of the Axis, and by the 
* faſt Propoſition the Parameter of the Dia- 
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* meter BD exceeds the Parameter of 
1 * the Axis by 4 times AC; But AE is e- 
4 * qual to + of the Parameter of the A 
| * is ; Wherefore CE is equal to + of the 
4 r Parameter of the Diameter B D; but 
4 : cc 
] 


12 


Þ 


(31 ) 

© CE is equal to Bp, which is equal to 
« BF; therefore BF is equal to - of the 
« Parameter belonging to the Diameter 
«* BD. W. W. D. 


COROLLARY. 


* Hence we have a new and very eaſy 
* way of determining the Parameter of 
“ any Diameter, for tis always Quadru- 
* ple of a Line drawn from the Extre- 
“ mity of that Diameter to the Focus of 
* the Parabola. 
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THE 


-ELLIPSIS. 


Of the Generation of the ELLIPSIS. 


F upon a Plain bedrawn the right Line 
IT, and biſſected in C, and the Points 


[| 


F and D be taken at equal diſtances 
from C. I ſay as many Points as you pins | 


/ 


(39 


of P, maybe found in fuch an orderthat two 


M 
5 —P 
P | 
R 
10 2 Pee — 1 
(98 
x / 


Lines P F and PD, drawn from that point 
P to the two points F and D, being join'd 
together will be equal to the Line IT. 

Divide I T any how into two parts, 
and make one of them the Radius of a Cir- 
cle whoſe Centre let be F, and the other 
the Radius of a Circle whoſe Centre let be 
D, and with theſe Radii and upon theſe 
Centers deſcribe two Circles, which will 
interſe& one another in two points as P, P, 
one of which is above and the other below 
the Line I T, and at equal diſtances from 
it; and the Line P OP which joins the 
two points P, P, will be * — 
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lar to I T, paſſing thro' the Centre, and 
terminated by the Elipfis, is called the 


(34) 


IT, and after the ſame manner an infinite 


number of points may be found as P; 


which was to be done. 
COROLLARY. 


It is evident that A line paſſing thro' 
the points P, P, will paſs thro' I and T, 
and that the Line PT PI will include 
hace, and likewiſe that all the Lines as 


OP which are perpendicular to I T 
and terminated by the Curve Line P, P on 
each ſide of the Line IT, will be biſſected 


in O by the ſame Line IT. 
DEFINITION. 


1. The Curve Line PT PI is called an 
Elipfis. 1 
2. The point C, the Centre of the Ellipfis. 
3. The right Line IT, the Tranſuerſe Axi. 
4. The right Line NC M, perpendicu- 


conjugate Axis. 

5. The Points F and D, are called the 
Fci. 
6. Right Lines drawn from the points 
in the Ellipfs perpendicular to the Axes, 


are called Ordinates to the Axes, as P O is 


an ordinate to the Axes I T. 
7. All 


(ned = 

7. All the right Lines which paſs thro 
the Centre C, and are terminated at each 
end by the Elipfis, are called Diameters. 
8. A right Line which meets the Elipfes 
only in one Point is call'd a Tangent to the 


Elipfs in that Point. 


In every Right-angled Triangle as FOP, 
the Rectangle made by multiplying PH, 
the Sum of the Hypothenuſe FP, and one 


ſide, as FO, into MP their difference, is 
equal to the ſquare of the other fide P O. 

From F as a Centre and withthe Radius 
F O, having deſcribed the Circle MOH, 
and drawn P F to H, the fide PO touches 
the Circle in O, becauſe the Angle at O 
is right; wherefore the Rectangle PM 
multipli'd into P H is equal to the ſquare 
of PO. W. W. D. 


* 
. 


P ROP. 


The Ellipſis being formed according tothe 


[496 
PROP. I. 


precedent Method. The ſquare of any 
Ordinate to the Tranſverſe Axis as 


P O, is to the Rectangle IO T ander 


the Parts of the Tranſverſe Axis eath 
way from the Ordinate, as the Reftan- 
gle I FT is to the ſquare of I Cor 
I. 08 


Having prolonged F Pto A, make FA e- 


qual to IT, and biſſect it in R; from the 
point P asa Centre, and with the Radius 
PD or P A equal to it, :deſcribe the (Se 
Eg. in Page 36.) Circle A DB, which 
will meet A F in B, and I T in G, if the 
points D and O are not coincident ; for 
ſhould they be coincident, the three 


points D, O, G wou'd coincide, and the 


Circle wou'd touch the Line IT in O. 
Bur ſuppoſing firſt, that the three points 


D, O, G are not coincident. From the Na- 
ture of the Circle A DB, the Rectangle 


FAxFB is equal to the Rectangle F Dx 


F G, wherefore F A is to FD as F G to 


FB; and their halves FR or CT is to CD; - 


as CO is to RP; and by Compoſition, CT 
| is 


a wk at BoxD _— <4 5 3 — Aw 7 _ 
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(37) 


toC T + CDas CO is to CO'+RP, 
conſequently C T is to CO asCiÞ +; 
CD is to CO RP; and farther by 
compoſition C T is to CT + C O (which: 
WH together are equal to IO) as CT 
+ CD (which added. together are equal 
to ID) is to CT CDTCO RP. 
But GT CDT CO RP or its 
equal FR + RP+ FC+CO is equal 
to the Sum of FP and FO, wheretore 
CT is to 1O as I is to PP + OF. 

In like manner, reaſſuming that Pro- 
portion above of C T, to CD as CO to 
RP, and by Divifon, CT is to CT — 
CD, as CO to O- RP; and conſe- 
quently, CTistoCOasCT —CD 
is to CO—RDP and farther by Diviſion, 
CI is to CT - CO (which is equal 
to QT) as CT — CD (which is equal 
to D I) is to CT —-CD—CO RF. 
But C T CD — COT RF or ĩts 
equal FR RP - FC CO, is e- 
qual to the Difference of FP and F O; 
wherefore CT is to O T as D T to the 
Difference ot FP and FO. 

Now if the Proportion found above at 


the end of the laſt Section ſave one, and 


that which we found laſt be mulriply'd 
one into another, Antecedent into Ante- 
cedent, and Conſequent into Conſequent, 


D we 


| (33) 

we hall have the Square of C T to the 
3 I OT as the Rectangle 1 DT 
to the Rectangle FF + POxXFP —POQ 
equal (by the preceding Lemma) to the 
Square of P O. W. W. D. 

If the points D, G, O coincide, the 
Demonſtration will ſtill be the ſame, for 
FG, F O, and FD will be equal. Which 
cannot make any Alteration. | 


PROP. II. 
le 


Reteining the ſame Figare ; the Reftang 
ID T is equal to the Square of CM, 
which is > of the Conjagate Axis. 


Suppoſe MC be an Ordinate, then (h 
the foregoing Prop.) the Square of CT is to 
the Rectangle I C Ti. e. the Square of CT), 
as the Rectangle I D T, is to the Square 
of MC. Therefore the Square of M C 
is equal to the Rectangle I D T or IFT 
which is equal to it. W. W. D. 


/ 
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( 39) 
PROP, III 


Still retaining the ſame Figure. The Square, 
of the Conjugate Axis N M, ig the 
Square of the Tranſverſe Axis I T, as 
the Square of P O an Ordinate to the 
Tranſwierſa, to the Rectangle 10 T. 


The Square of CT (Prop. 1.) is to the 
Rectangle I D T which is equal (by the 
preceding Prop.) to the Square of C M, as 
the Rectangle I O T to the Square of 
PO; but the Square of I T is Quadru- 
ple the Square of C T, and the Square of 
NM, is alſo Quadruple the Square of 
CM; therefore the Square of I is to 
the Square of NM as the Rectangle IOT 
to the Square of PO. W. W. DPD. 


PROP. IV. 


Still retaining the ſame Figure 45s above 
the Square of PQ which u an Ordi- 
nate to the Conjugate Axis, is to the 
Reit angle N M, as the Square of 

the Tranſverſe Axis I T, 4c to the Square 

of the Conjugate Axis NM. ES 


By the 1 and 2 Propoſition, the Square of 


CT is to the Square of CM as the Re& 


D 2 angle 


(04>) 
angle IOT (which is equal to the Square 
of C T leſs the Square of CO) is to the 
uare of PO; and by Diviſion the Square 
of CT) is to the Square of CT leſs the 
Square of CT more the Square of CO; 
as the Square of CM is to the Square of 
CM — the Square of F O, and by the 
receeding Propoſition, The Square of 
T is to the Square of N M, as the 
Square of CO or PQ is to the Rectan- 
gle N Q M, (which is equal to the Square 
1 7 * the Square of P O or CQ. 


DEFIN. 


A third proportional to the two Axes 1s 
call'd the Parameter of that Axis which ſtands 
firſt in the Proportion, thus if the Tranſ- 
verſe Axis IT, be to the Conjugate NM, 
as the Conjugate NM is to a right Line 
YT, this YT iscalled the Parameter of the 
Tranſverſe, but if NM (See Hg. in Pag. 45.) 
be to IT as IT to another Line, that Line 
will be the Parameter of the Conjugate. 

2. The Figure of an Axis, is a Rectangle 
under that Axis and its Parameter, as the 
Figure of the Tranſverſe I T is the Rect- 
angle I T V. 


COROL- 
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( 41 ) 


It is evident, that the Square of one of 
the Axes, is equal to the Figure of the 


other Axis. 
| PROP. VF: 


Suppoſing the Ellipſis conſtructed as above, 
the Square of PO, an Orainate to the 
Axis IT, 5 equal to the Rectangle 
OTXV azaer T Y the Parameter 4 
longing to this Axis, and O T the part 
compriſed between the Extremity I and 
O, the Point where the Ordinate meets 
the Axis, leſs the Rectangle VX XZ 
which i ſimilar, and ſimilary poſited to 
the Rectangle 1 M (the Figure f I T.) 
The Square of N M (by Prop. 3 and 4.) 

I» 


M V 8 X 


( 42 ) 
is to the Square of I T, as POy is to the 
Rectangle I O T but by the Property of the 
Parameter, the Square of NM is to the 
Square of IT, as Y T is to IT; and as 
1 T is to IT, ſo alſo is VO to IO; or 
rather the Rectangle VO I tothe Rectan- 
gle 10 T, having T'Q for their common 
Altitude, and (by proportion of Equality) the 
Square of P O is to the Rectangle 10 T 

as the Rectanle V O T & is to the Rectan- 
gle 10 T: Wherefore the Square of PO is 
equal to the Rectangle OT X V, which 
is leſs then the Rectangle O T YZ by the 
Rectangle VV, Which V Y is ſimilar and 


ſimilarly poſited to the Figure II. W. W. D. 


PROP. 
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(43) 
PROP. VI. 


All the Diameters as PR are biſected in 
the Centre C. 


If it be poſſible for CP to be 


greater 


than C R, make C p equal to C R, and 


having drawn to the Foci the Lines E p, 
Dp, E R, DR, and EP, DR; the two 
Triangles C Dy and CER will be equal 
and ſimilar; as likewiſe will the Trian- 
gles C D R and CEp for CD, CE, and 
CR, Cy are equal wherefore E R is equal 


to Dp, and DR to E p; the Sum therefore 
of Ep, Dy will be equal to I T, for the 
Sum of ER, DR is equal to it (from the 


Generation of the Ellipſis) ; but the Sum of 


EP, DP is alſo equal to I T, therefore 


the Sum Ep, Dy is equal to the Sum of 


EP, DP, which is Abſurd. Wherefore 


t he Propoſition is true. 
24 PR OP. 


(0 44) 
PROP. VII. 


A right Line as S] being perpendicular 10 
the Tranſverſe Axis, and meeting its 
extremity J touches the Ellipſis in that 
Point. 


For if SI do not touch the Elipfs in the 
=" 0 * 


point J only, but meet it in ſome other 
point as S; having drawn the Lines FS, DS, 
to the Fci; from the Generation, the Lines 
FS and DS added together will be equal 
to IT; and becauſe the Triangle FIS is 
right angled at I, FS is greater than FI, 
wherefore DS muſt be leſs than T F or 
DI which is Abſurd, for DS ſubtends 
the right Angle I in the Triangle D1S. 


Therefore the Prop, is true. F 
| | 5 PROP. 


( 45) 
PROP. vm. 


The ſame things being ſuppoſed as in the 
firſt Prop, draw the Lire DA and biſ- 

eck it in E, and then the Line PE will 
touch the Ellipſis in the point P. 


If PE do not touch the Elipfi in the 


point P, it will meet it in ſome otherpoint 

as p; by the Generation P, p D added to- 
gether will be equal to F © and PD added 
together, which is equal to FA; but p is 
equal to p A, for p E is perpendicular to 
A D, and biſſects it; Wherefore Fp and pA 
together will be equal to FA which is ab- 
ſurd ; for the two ſides of che Triangle 
Fp A can never be equal tc the other fide 
F A; therefore the Line PE touches the 
Elipfs in P. W. W. D. | 


PROP. 
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FRO . 
In an Ellipſis, as IP T, there cannot be 


drawn above one Line, as PE; 
which will touch the Ellipſis iz the 
A ſame point P. 


Suppoſe it be otherwiſe, and that the 


Line Ph touch the Elipfis at the point P. 
*From the Focus D, having drawn Da 
ve to Ph, and from the Centre 
F and with the Radius F 4 equal to I T, 


having deſcrib'd the Circle da meeting 


Da in a, and having biſſected Da in e, 


1 draw Fa meeting the Elipſis in any point 


as p, then draw D p and p e, which, paſ- 
pg thro' e the point of biſſection of * 


C47) 
Line D a, will be perpendicular to D z; 
for D p and p a are equal by the Generation: 
of the Ellipſis, wherefore the Line pe will 
couch the Elipfis (by the precedent Propofition) 
at the point p; but P/ is alſo perpendicu- 
lar to Da, wheretore P h and pe will be 
parallel; and the Tangents P h and p'e 
can never meet one another but without 
the Elipfis; and the Elipfis, paſſes thro the 
points P, p, wherefore the Line P h paral- 
lel to pe will neceſſarily meet the Lines 
Fp and Dp within the Eliofis ; Ph thero- 
fore paſſes within the Elipfis, and will 
not touch it as was ſuppoſed : That Line 
cannot be joined to the Tangent pe ; for 
then it wou'd meet the Elipfis in two 
points P, p, therefore there can be but 
one Line, which ſhall touch an Elipfis, 
in the ſame Point. . 


PROP, 
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(48) 
PROP. X. 


The {ame things being ſuppoſed ; The Ay. 
les Fp P. and Dp e, made by the Tan 
gent pe, and the Lines pF and D 
\ © drawn from p, the point of Contact to 


tbe two Foci, are equal. 


The Triangle D 5 a is Iſoſcelar, and pe 


biſſects the Baſe, wherefore the Angle D pe 
is equal to the Angle ape; but the Angle 
FpP, is equal to the Angle ap e; there- 


fore F p P, is equal to Dy e. W. W. D. 


COROL. 
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(49) 
COROLLARY. 


If the common Angle Fp D be added 
to the two equal Angles, it is evident, 
that the Angle ep F will be equal to the 


Angle Dp F. 
PROP. XI. 


2 
{ to 


Suppoſing flill the ſame things, if the T * 


gent 5 E meet the Axis T iH; I 
C O is to CT; asCT ro CH. 


To the points P, C, H, having drawn 


FG, C R, and H Vparallel to DA; FA 
will be biſſected in R, ſeeing F D is biſ- 
ſected in C: From ſimilar Triangles F P, 
is to A; as FG is to A E or its —_ 
I 


(50) 
DE, and FG is to DE, as FH to DH; and 
FH is to DH, as FV to VA; ,wherefore ex 
eguo F is to PA; as FV to VA; and by 
Divifon FP — P A, (which is equal to 
twice R P) is to PA:: as FV—VA 
(which is equal to F A) is to VA; but» 
RP is to FA; as their halves viz. RP 
is to RA; wherefore exequwo R P. PA:: 
R A. V A. By compoſition, RP. RPA 
PA (S RA) :: RA. RAT VA 
RV. Therefore the Lines R P. R A, 
and R V are continual Proportionals, 
Therefore the Square of R A is equal to 
R Px RV. ENG 
Now from the: Nature of the. Circle, 
ASDM, as in the fot ar which 
meets the Tranſverſe I T in D and 8, or 
In the point O only, if Oand D coincide; 
then F D will be to FA as FM to FS; 
and their halves C D. RA: : RP. C O. 


But C D. RA :: C H. R V, wherefore 


ex equo C H. R V:: RP. C O, and the 
Rectangle of the Extreams and means 
being equal C HX CO SRP xR V, but 
In the preceding Article RPR V, was 
demonſtrated equal to the Square of RA, 
which R A is equal to CT; for from the 
Generation of the Ellipfis, F A IT; where- 
foreCO.CT::CT. CH. W. W. D. 


COROL- 


oY bn 0 
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69 
COROLLARY. 


Seeing the Lines C O, C T, CH are in 
continual Proportion, by inverting the 
Method of the Demonſtration of the firſt 
Article of this Propoſition, twill be eaſy 
to demonſtrate, that IO is to OT as IH 
to HT; for having found that F V. 
VA:: FP. PA, tis demonſtrable that 
RP, R A, RV will be in continual Pro- 
portion. | 

The Line I H is faid tobe Harmonical- 
ly divided in the points O and T. 


(52). 
PROP. XII. 


The ſame things being always ſuppoſed. 


tf the Tangent P E meet the conjugate 
Axis in V, having drawn P Q an 
Ordinate to this Axis: I ſayCQ. isto 
CM:: as OC Misr CV. 


It is evident by the foregoing Prop. that 


the Square of C O, is to the Square of 
C T:: as C O, is to C ; but (by Prop. 4.) 
CO gor ®gq.CTq:: C Mq— CQ 
= Rectangle C QM. C M4] and from 


ſimilar Triangles CO. CH :: VQ. CV, 
wherefore ex quo VQCV::CMQ — 
CQg. MC 9. By diviſion C V. C V— 
VQSCQ:: CM. CM - CMJ 
CQ g, i.e.CV.CQ : : CM q:CQ 4, where- 


fore CQ. CM: : CM, CV. W. W. D. 
PROP. 


(53) 
PROP. XIII. 


In the Ellipſis IP T, the Axis whereof I. 
IT, and BT 4 Tangent to it at the 
extremity T, and P A another Tangent 
meeting the Tangent BT in A, and 
the Axis in H. If thro'P the point of 
Contact of the Tangent P A, be drawn 
the Diameter C P meeting the Tan- 
gent T B in B. The Triangles PAB 
and T A H are equal. 


% 


(54) 


From the Point * Raving drawn T D 
2555 to the Tangent P H, and PO an 
inate to the Axis; from the Nature of 
Parallels, CD. C P: CT. C A Bu (by 


« 


| 

| 

| 1 

; | 

j | 

1 t 

1 

Prop. 11) C T. CH:: CO. C T. il © 

CO.CT::CP.CB, wherefore (ex «w) MW 
CD.CP::CP.CB, and for the ſame 


þ reaſon, C D.CP::CO.C T, in like 
| manner CP.CB:: CT. CH. Therefore 
1 the Lines DO, PT, BH will be parallel to 
0 one another, and the T riangles FT B and 


PT H, which have a common Baſe upon 


one of the Parallels, and their Altitudes 
termi” 


* WS —— — ww . JD * — yo—_——_ 


ESI 
terminated by another will be equal to 
one another; from which ſubduct the 
common Triangle PA T, and the Re- 
mainders P AB and TA H will be equal. 
W. W. D. | To = | 


COROLLARY. 


It is alſo evident upon the ſame account 


that the Triangles PDT, and P OP 
are equal to one another; and if to theſe 
be added the equal Triangles P T B, 
PTH, the Quadrilateral Figure POTB 
will be equal to the Quadrilateral Figure 
PDT H, or rather by adding the ſame 
equal Triangles to the ſame I riangle 
POT, or the Triangle PD T, the Qua- 
drilateral Figure PO T B will be equal to 
the Triangle O H, or the Quadrilate- 
ral Figure PD T H equal to the Trian- 
gle DT B. It is likewiſe apparent that 
the Triangle CT B is equal to the Tri- 
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( 56) 
+4 GOR OL . 


Having drawn the Tangent 15; it is 


evident that the Triangles P ab, Ia H are 


equal; for Ib is parallel to B T, where- 
fore the Triangles CI, CT B are ſimi- 
lar, and (the Side CI in one being equal to 
the Homologous Side C T- in the other) 
are equal too: therefore the Triangle CI 
will be equal to the Triangle CPH, which 
is equal to the Triangle C T B, and if to 
theſe equal Triangles be added the common 
Quadrilateral Figure I C Pa, the Triangles 
Pab, Ia Hwill be equal. But it is further 
evident, that what hath been demonſtrated 
in the 7 comprehended between 
the Lines CI and CP may after the ſame 
manner be demonſtrated of thoſe compre- 
hended between CI and CR, for the Tan- 
gent in the point R muſt be parallel to PH 
touching the ElZipfis in P; for the Trian- 
gle CPH is equal to the Triangle C T B 
which is equal to the Triangle CI b. And 
ſuppoſing that the Tangent in R meet the 
Axis in h (which point is without the Fi- 
gure) twill be eaſy to demonſtrate after 
the ſame manner as above that the Tri- 
angle C1b is equal to the Triangle C Rh, 
Wherefore ex equo the Triangle CR h is 

Ws | equal 


(57) 

equal to the Triangle P C H; but in theſe 
equal Triangles the Angle R CI is equal 
to the Angle PCH, and CR one of the 
ſides which comprehends the equal Angle 
is equal to CP of the other (by Prop. 6.) 
wherefore the Triangles are ſimilar, but 
ſubcontraryly poſited, R therefore is pa- 
rallel to P H its Homologous Side. | 


LEMMA. 


Let there be a Triangle, as er B, whoſe 
ſide CT being prolonged to J, let CI 
be equal to CT; from the Points O, 


G, taken at pleaſure in the fide CT, 
drawing OP, G F parallel to IB; 
I ſay, the Rectangle 10 T, is to the 
Rectangle 18 T:: as the Quadrilate- 
ral Figure O T B P. to the Quarilate- 
ral Figure G TBE. | 


CT. COg:: Triangle C T B. Tri- 
8 


A\\ 


1 E 


angle COP , and by diviſion CT9— 
E z 7 CO. 
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fame manner CT g. C Gg:: Triangle 


Triangle CTB -I CGF; wherefore 


CG FE (which is the Quadrilateral Figure 


» 4 
* 1 
i 
" © | 
* 
RX 
1% 
1 
'Y 
3 
* 
1 
1 
# | 
N 
1 
'® 
i 


OLI — 
— 


of i 
COg. CT 5 Triangle CT B— Tri- 
angle COP. Triangle CT B, after the 


CTB. Triangle C G F, and by Diviſion 
C Tg. CTq—CGg:: Triangle CIT B. 


ex equo C I —COg CT- CGg9:: 
Triangte'C TB— Triangle COP (which 
is equal to the Quadrilateral Figure 
O T BP) Triangle C T B — Triangle 


G TBF) But CTq—CQg is equal to 
the Rectangle 10 T, and likewiſe C T9 
— CG is equal to the Rectangle I GT 
ſeeing I T is divided into equal parts at 
the point C; wherefore the Rectangle 
I OT Rectangle I GT :: Quadrilateral 
Figure O T B P. Quadrilateral Figure 
GTBF. Which was to be proved. 


Pp 


he 


0 


le 
In 
B. 
re 
h 
'e 
e 


0 
d 
q 
) 
| 
| 


( 59.) 


If from any vint E in the Ellipſis, be 
142. LEM parallel to the Tangent 


PH, and FEG parallel to the Tangent 
BT, I ſay the Triangle E GM i equal 
to the Quadrilateral Figure GTBPF. . *© 


By reaſon of the parallel Lines, the Tri- 


B 


angle PO H. Triangle E GM:: P Og. 
E Gg ; But it is evident by the 3d Prop. 
that P O g. EG 9: : Rectangle I O T. 
Rectangle I G T; and becauſe I T is di- 
vided into two equal parts in the Point C, 

E 4 (by 


( 6) 
(by the Lemma) the Rectangle I O T. Reg. 
angle I GT : : Quadrilateral Figure 
OT BP. Quadrilateral Figure G T BF, 
and ex equo the Triangle PO H. Triangle 
E G M: : Quadrilateral Figure OT BP: 
Quadrilateral Figure G T BF ; But (5 
Cor. 1. Prop. preced.) the Triangle PO H 
is equal to the Quadrilateral Figure 
OT BP: therefore the Triangle EG M 
is equal to the Quadrilateral Figure GT 
BF. W. W.D. 
If the point E fall in e, See Fig. P. 68, 
it may be demonſtrated, that the Triangle 
eg M ſhall be equal to the Quadrilateral 
Figure g T B, for e g is ſuppoſed to be 
an Ordinate to the Axis. And if the 
point g cut the Axis ſomewhere in C I on 
the other hand of C, it may be demon- 
ſtrated after the ſame Manner, that the 
Triangle eg M is equal to the Quadrila- 
teral Figure g1b f, for the ſame demon- 
ſtration will ſerve for all, only by conſi- 
dering what was ſaid in the 2 Corel. of 
the preceaing Prop. | 


( 61 ) 
PROP. XV. 


Retaining the firſt Figure in the laſt 
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, Prop. the Triangle ELF or e L 
7 1s equal to the Quadrilateral Figure 
* LPHM. 

: 1. The Triangle C T B (by Cor. 1. Prop. 
13.) is equal to the Triangle CP H, and 
J (See Fig. in Page 65.) from theſe two equal 
n Triangles taking the common Quadrilate- 
F ral Figure CG E L, and taking farther 
a from the firſt, the Quadrilateral _ 
2 GTB F; and from the ſecond, the Tri- 
1 angle E GM equal to that Quadrilateral 
£ Figure, (by the precedent Prop.) there remains 


the Triangle E L F equal to the Quadri- 
lateral Figure L PM H. W. W. PD. 


( 62 ) 


2. If the point E beon the other ſide of 
T with regard to P, and the point L fall 


always upon CP; from the equal Tri- 
angles CT B, C PH ſubducting the com- 
mon Triangle C ML, and from the firſt 
remainder, taking the Quadrilateral Fi- 
gure GT B F, and adding the Triangle 
EG M which is equal to it, we ſhall 
have the Triangle EL F equal to the 
Quadrilateral Figure L P H M. 

3. But if the point E be in e on the other 
fide of P with regard to T, (Fig. Prop. 
14.) and the Ordinate e g fall upon oy 

tne 


( 63) 
*he Triangle eg M ( by Prop. I4.) is equal 
tothe Quadrilateral Figure g T By, and if 
from theſe equals, the common Figure fg 
GE L be taken, and farther the Triangle 
E G M be taken from the firſt, and the 
Quadrilateral Figure G T BF equal to 
the Triangle E G M be taken from the 
ſecond there remains the Triangle ef L = 
EF L; but the Triangle EF L from 
what was demonſtrated above is equal to 
the Quadrilateral Figure LP H M, where- 
fore the Triangle eg L is equal to LPHM. 
But if in the precedent caſe the point 
M fall upon the Axis between the Centre 
and the Vertex T, the Triangle (See Fig. 
P.72.) eg M being equal to the Quadrila- 
teral FiguregT B/; if the common Qua- 
drilateral Figure f g ML be taken from 
theſe equals, there will remain the Tri- 
angle e L f equal to the Quadirlateral 
Figure LMT B, from which it GT BF 
be taken, and the Triangle EG M which 
is equal to it be added, the Triangle 
E L F will be equal to the Quadrilateral 
Figure LM T B; and conſeqnently the 
Triangle e L f which is equal to the Tri- 
angle E L F is equal to the Quadrila- 
teral Figure LP H M. 
In the laſt place, if the point g fall upon 
CI; (fee Fig. Pag. 68.) the Triangle a P. 


18 


la 1660 | 
is equal to the Triangle a J H;) By Cy. 
2. Prop. 13.) and if from theſea equal Tri- 
angles be taken the common Figure aPL Ml 7 
eg Ia, and farther from the firft the Qua- 
drilſteral Figure egI bf, and from the 
ſecond the equal 'T'riangle eg M (by Pro, 
x4.) there remains the Triangle e Lf equal 
to the Quadrilateral Figure LPHM, 
W. W. D. | 
For all the other caſes, where the point 
L falls upon C R, the demonſtration will 
be the ſame as any one will eaſily perceive, 
that conſiders what we have ſaid in Prop. 
13. Cor. 2. and if the point L fall in C, the 
oint E will be in Sor in V (the line 
V CS being parallel to P H) and then the 
 IriangleC/ 8 will be equal to the Triangle 


FAB 


CPH; which I think is more then fuffici- 


ent for the demonſtration of wane 


ne é ROO IP ICS 
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PROP. XVI. 


In an Ellipſis whoſe Axis is | T, all the 
Right lines as Ee parallel to a Tan- 
gent as P H, which met ts the Axis in 
H, are cut into two equal parts in L, 
by the Diameter R CL draws thro P 
the point of Contact · | 


Having placed all things as in the for- 


3 
I 4 
N 


mer Propoſition, it is evident by the ſame 


Propoſition that the Triangles EL Fe L 
are equal to one another, for each of them 
is equal to the Quadrilateral Figure LP H 
M, and they are alſo ſimilar by reaſon of 
the Parallels that compoſe em, wherefore 
ELS eL. W. W. D. | 
PROP 


. 


(669 
PROP. XVII. 


The ſame things being ſtill ſuppoſed; if 
tbe Diameter V C'S be drawn parallel 
to the Tangent PH; Fay as V $ 
Square is to R PSquare:: ſo i E L 
Square 10 the Rectangle RL P. 


The Triangle CS f'is equal (by Prop. 14.) 
(See Fig. in Pag. 71.) tothe Triangle E PH; 
{ and the TriangleL E F is equal to the 
| Quadrilateral Figure L PH M; and the 
| Triangles C Sf, LEF are ſimilar; where 


fore they are to one another CS 4. LE; 
j therefore CS 4. L E:: Triangle CPH. 
l Quadrilateral Figure LP HM; but be- 
| . eauſeR Pis biſſected in C, the Triangle 
[ CPH Quadrilateral Figure LP H M:: 
C Pg Rectangle RLP (by Lemma Prop, 
[ 14.) wherefore CS. LEq::CP gq. 
Rectangle RLP; or rather CS . CP. 
or their Quadruples VS. RPq: :L Eg. 
| Rectangle K LP. 
' If the point E be in e, and L fall upon 
8 CR; prolong L to L; it may be demon- 
i ſtrated after the ſame manner, that LE q: 
Rectangle RLP::as VSq: RP; but, 
(by the precedent Prop.) eL E L; there 
Fore the Propoſition is true, 

| PROP, 


(67) 
PROP. XVIIL 


Still ſuppoſing the Jame things; If the 
right line E e be drawn parallel fo the 
Diameter RP, Tjay that Ee is biſ- 
ſetted in O by the Diameter V S, and 
that the Square of R Pis % the 

/ Square of S as the Square of E O 

; is to the Rectangle V OS. 


el 


Having drawn E L and e / parallel ca 
V S(by the 1 Propoſition) EL 4 
Rectangle RLP: 4 Rectangle R . b. 
_ K L = el, Ge ore the Rectangle 

R L Þ equal Rectangle RI f, and bon“ 

ently thelines'C LC7yare equal, as al- 

E O:e © which are equal to em with 
was the firſt thing propoſed. | 


Secondly, By thepreceding Pro 
CSq::CPq—CLgq: = 


ED 
ectangle 
RLP 


RLP: LEq; by diviſion CP g; CP q- 
| Rectangle = RLP =CL qorE Qg:: 
CSq:CSq—-LEgqgorCO 4: (which 
is equal to the Rectangle VO S) therefore 
CFP: CS: or their Quadruple R Pq: 
VS q::O Eg: Rectangle V O8. 
n, | 


COR. 
I.᷑ is evident that the line 8 X parallel 
to O E, and dra wn thro' S nhe Extremity 


9 Vertex of the Diameter y S touches the 
Ellip- 


hh ad 17H wa LA - 
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Elip/is in the point 8, which is the Con- 
verſe of the preceding Propoſitions. 


1. The Diameters R P, V S, whoſe 
Properties are demonſtrated in . the two 
foregoing Propoſitions are. call'd Conjugates 
to one another. inn Oe” PAL 


* . K ©. @ 
C . 


2. The Line E L parallel to one of the 
conjugate Diameters as VS, is called an 
Ordinate to the other conjugate Diameter 
RP; and Reciprocally E O is an Or- 
dinate to S. 


3 If you make as RP: VS: VS. 
P M; this third proportional P M is 
called the Parameter of the Diameter RP; 
and after the ſame manner for the Diame- 
ter VS; from whence it is apparent, that 
the two conjugate Diameters ate mean 


| Proportionals between their 'Parameters. 


* 


4. The Rectangle contain d under a Di- 
ameter RP and its Parameter P M, as RM, 
is called the Figure of the Diameter R P. 


y _ hon 


(70) 
PROP. XIX. 


The Square of E. I, a Ordinate to the Dia. 
meter RP is equal to the Rectangle PN, 
epply'd tothe Parameter of tbis Diame- 
ter, which hathP L for its Altitade, 
and is leſs then the Rect angle L M, 5 
the Rectangle NM which ts fimilar to, 
and poſited fimilar to the Figure R M. 


By either of the two foregoing Propoſ- 


tions, RP. VSg:: Rectangle RL? Nl 
LEq: But R P. VS :: KF. 1 Q 


, 
. 
- 


and Rr b M:: RL.L N bar Reg 


(3 


angle RLP. Rectangle N LP:: R L. 
NL; wherefore Rectangle RL. L Eg: 
Rectangle R L P. Rectangle N L P; the 
Square of the Ordinate therefore is equal 
to the Rectangle N L P. W. W. D. 


PROP. XX. 


In the Ellipfs A DBE, if two vighs Lines 
HI, FG be drawn paralei to tna Con- 
fugare Diameters A B, DB, er 
one auorber in R, a point withoat t 
Eliiphs ; I ſay, the Rectangle H RI. 
Rectangle FRG: : AB . DF 4. 


Having drawn FL, G M Ordinates to 
the Diameter E D, they will be parallel to 
AB; (by Prop. 16 or 17.) and L F 2: 
O1gq:; Rectangle ELD; — 

| F 2 E O 7 


f 


(72) 
E O D, (by the ſame Prop.) and if the 
point R be without the Elipfis ; by Diviſi 


on LF 1217 = Rectangle HR I 


O12: | Redunglo E LD — Rectan K 
E O D= Rectangle L OM or FR 
EO D. But if So point R be in the 


BY”. by Diviſion OT 7 LF 4. 0 


Rectangle HR I: 0 17: : Re- 
* E OD — Rectan ole E LD= Re- 
ctangle LO Mor FRG: Recungle le EO, 
But Ol: (by at," * 179 ecangle 
EOD::AD 1 q, Wherefore the 
Kectangle H R al rt FR G:: 
A Þ 4: E Dq W. W. D. 
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TREATISE 


Conich Sections. 


PART. III 


— — 


T H E 
The Generation of the K Y PER BOLA.. 
If upon a plain the Right Line IT be drawn, 
and biſſected in C, and the Points F and 
D be taken at equal Diſt ances from C in 


the ſame Line produ d both ways; you 
. m 
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may find as many points as you pleaſe, a; 
P p ſodiſpoſed, that the right Line Þ 
ſhall exceed P D by the line I T, or pD 
ſhall exceed p F by the ſame line I T. 


T AKE FP as great as you pleaſe, 
provided it be not leſs then F I, 
and then the difference betwixt F P and 
1 T will be always greaterorat leaſt equal 
to DT; wheretfore if the point F be made 
the Centre of a Circle, whoſe Radius let 
be F P, and D the Centre of another 
Circle, whoſe Radius let be DP, theſe two 
Circles will neceſſarily interſect one ano- 
ther in two Points, as P, on each fide the 
line I T; or atleaſt will touch one another 
in the point T, in caſe P and T coincide, 
for then F T and D T will be the two 
Radii; and thus you will find different 
Points as P, if you take the lines F diffe- 


rent from one another: Aftet the ſame 


manner may be found as many Points pas 
ſhall be deſired. 


COROL. 


/ 


It is evident by this Generation, that the 
right Line which joyns the 2 points Porp, 
the interſections of the two Circles, = 


l 
i 


1 

be perpendicular to F D, and biſſected by 
it : wherefore it is evident that the points 
; £ 


| EO ewes ct 


P, pwill form a curved Line, which will paſs 
thro' T. and the poinesP, p apothet 1 
| 24 W | 


V 
Will paſs thro I: Moreover any one wil 
calily-ſee,' that the Lines PT P, and pTp 
will not include- Space, neither both toge- 
ther, norone alone; and that they encreaſe 
infinitely, and run off continually from 
the Line I T, and are continued from the 
Point C, one on one fide, and the other 
on the other. N 


— 


DEFINITIONS. 


1. The curved Lines PT P, 2 I p, are 
each of them ſeparately called an Hyperbola, 
and conjoyntly Oppoſite Hyperbola's. 


2. The point C is called the Centre of the 
Hyperbola, or of the Oppoſite Hyperbola's. 


3. The right Line I T is called the. De- 


terminate Axis. 


4. The right Line N C M, which paſſes 
thro' the Centre C, and is perpendicular 
to I T, is called the Indeterminate Axis. 


5. The Points F and D, the Foci. 


the Points of one Mpperbola, or the * 
5 1 ſite 


Toy 3 
ite Hyperbola's perpendicular to oneof their 
Axes, are called Ordinates to that Axis. 


2 n 


| 7. All the right Lines which paſs thro? 
the Centre C are called Diameters, thoſe . 
which meet the Oppoſite Hyperbola's are 
determined, and thoſe which do not are 
Iudetermined. © 


8. A right Line which meets the Hyper- 
bola but in one point, and does not paſs 
K it, is called a Tangent to it in that 

oint. r OY 


The Hyperbola being formed; I ſay, that 
the Square of P O an Ordinate to the 
determinate Axis I T, is to the Rectan- 
gle 1 O, as the Rectangle I FT, or 
T DI which is equal to it, to the Re- 
fangle IC T, which is the Square of 
CIT" | 1 
Draw the Line FP, and prolong it to 
B, ſo that P B may be equal to PD; on 
P as a Centre, and with the Radius PD 
deſcribe the Circle B G D, cutting FP in 
A, and IT in D and G: FA will be 


equal 
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equal to I T, by tht Generation, which let 
be divided into two equal parts in R 
By reaſon of the Circle A D G B, the 
Rectangle FAN FB = the Rectangle 
FD x F G. Wherefore F A. FD :: 

G. F B, and conſequently their halves 
R or C T. D:: CO. RP; and 6 
Compofition C T. CT CD:: CO. C 
＋ RfB; and alternately CT. CO: : CIT 
Cb. CORP; and farther by m- 
poſition, CT.CT +CO=1IO::C 
+CD=IDCT+CD=1D 
CO+RP.,BuCT4+CD+CO 
RP, or their equals FR, FC, CO, 
being added nogether are FP 
PO; wherefore CT. TO:: I D. F 

＋ FO. Pp" 
In like manner taking the proporti 
above, CT. CD:; CO. R P. by diviſi- 
on, CT. CD CT:: CO. RP - CO, 
and alternately C T. CO: : CD- Ci. 
R P—C © but farther by Diviſion CT. 
CO—CT.(=OT)::CD—CT 
But RP CO—CD+ CT, or their 
equals RP CO- FC FR, are 
equal to the difference of F P and FO; 
_— CT. O T:: D T. FP 


b 

If the laſt proportions, in the two pre- 
ceding Sections, be multiply d into one a- 
nother Antecedents into Antecedents, and 
Conſequents into Conſequents, we ſhalt 
have C I g. Rectangle I O T:: Rectan- 
gle I D T. Rectangle FP + FOX FP 
— FO. = P Oq (% the Lemma Prop. 1. 
Elipfs) W. W. DP). | 

If the Circle BD A touch I T in D, 
i. e. if the point O fall upon rhe point D, 
which is the ſame thing, the Demonſtra- 
tion will be the ſame bur ſtill more fimple, 
| for by that means more different Quanti- 
ties wou'd become equal. 


COROLLARY. 


It is evident, that the Squares of the 
Ordinates to the Axi are to one another 
as the ReQangles contain'd under the parts 
of that Axis comprehended between it's 
Extremity, and the points where it meets 
thoſe Ordinates. 11 
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PROP. II. 


The right Line Pp drawn between the 
oppofite Hyperbola's, parallel to the 
determinate Axis I T, meets the in- 
© determinate Axis NM ina point as 
M, which point M divides Pp into 
to equal parts. | 


This Propoſition is ſufficiently evident, 
jm the Conſtruftion ; (See Fig. Page 75.) for 
if D be made the Centre of a Circle, 
and FP it's Radius ; F the Centre of 
another Circle, and DP its Radius; the 
two Circles will interſe& one another at 
the. point p, ſo that p o being drawn at 
right Angles to the Axis I T, will be 
equal to P O, and likewiſe 7 M Will 
P M. 


DEFINITION 
If you make as C T 9. Rectangle 


IDT :: CT. T; the Line 17 
| e 


ble of Tu is called the Parameter of the 
determinare Axis. 


And 


1 
| 


then by the Definition of the Parameter 


'24X 
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And the Rectangle IV made by the 


Axis I T and it's Parameter, is called the 


Figure of that Axis. 
COROLLARY. 


It is evident, that the Figure I V is e- 
qual to four times the Rectangle I D T, for 
putting C Tor CI a and DT =x; 


| | | 2a*x+ axx. ".. 
a*.2ax+xx:: 4. po which 


2 
being doubled, gives 8D 


a - 

Parameter, which multiply'd by 2 a II, 
3 12 | 

gives WELLES which is mani- 


42 


＋ x x. 


: 


feſtly quadruple the Rectangle 1D T2 


I 


© px_- nh 
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PROP. III 


The Square of PO an Ordinate to the de. 
terminate Axis, IT is equaltothe Re- 
ctangle OT XY, applyd to tha Para- 
meter TV; the Ahuude of which 
Ref angle is T O, the part contained 

between the Extremity T, and the Foot 
of the Ordinate O; © which Rectangle 
exceeds the Rectangle T OZ V by the 

Rectangle VZ M X which is fimilar 
and ſimilari poſited to the Figure. See 
the preceding Fig. 25 hy 


Retaining the ſame Fig. C T 4. Rectangle 
IDT:: Rectangle 10 T. P © g; but 
by the preceding Cor. N. 2. C Tg LDF 
: IT. IT V:: IT. F V a whereforees 
equoT T. TV:: Rectangle 10 TP Ogg. 
T'V; therefore e err et 0 f. 

; ore e &4ue; Rectangle 10 T. 
POg:: Nee BOK: Recta: 
YOT; and conſequently YO T'=P Qi 
W. W. D. | 


PROP. 
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PROP. IV. 


if from any point of one of the oppoſite 
Hyper bola s, be drawn the Diameter 
PC, and continued beyond C, it will 

| meet the other of the oppoſite Hyperbo- 

s and likewiſe be biſſefted in C. 


Draw PO an Ordinate to the Axis IT, 


P 4 5 P 
© I e 17 of 


—— 


„ G = © © 2 &® 


— — 


and make Co= CO; and draw likewiſe 
the Ordinate p o R on each ſide of the Axis; 
RO SPO (by Prop. 2.) wherefore RP 
will paſs thro' the Centre, and will but 
make one right Line with PC which was 
- ns and will alſo be biſſected in C. 


= ws Oc bw Pt _ oo 


PROP, 
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PROP. v. 
A Perpendicular to the Axis & TX, 
meeting the Fyperbola in the Ver- 


tex J, touches the Hyperbola in that 
point. | | 


Suppoſe X T do not touch the Hyper- 
bola, but meet it in ſome other point as 8, 
which is different from T; (See Fig. Page 
82.) take Td = T D, and then will F d 
be =I T, and Sd = 8 D; but (by the Ge- 
neration of the Hyperbola) I T + S D, or their 
equals Fd + Sd=FS, i. e. one fide of 
the Triangle FS is equal to the Sum of 
the other two ſides F d, 48, which is ab- 
ſurd; therefore the perpendicular K T 
does not meet the Hyperbola except in the 
point T: I fay allo, that it can never 
poſſibly paſs within the Hyperbola, tho 
it be produced; for it is evident (from the 
Generation) that the Hyperbola runs off 
more and more from the indeterminate 


\ 


Axis, which is parallel to X T; therefore 


XT touches the Hyperbola in T; which 
was to be ſheyn. 1 


G PROP. 
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Things being put as in the firſt P rope 
tion, and having drawn D A, and 
bilſected it in E; I ſay, the right 
Line P E touches the Fyperbola at the 
point P. 


Suppoſe it otherwiſe, and that P E meet 
the Hyperbola in any other point as, 
then (by the Generation of the 7 * 
difference of the Lines Fp, p ual to 
the difference of the Lines F P, PD is 
equal F A; but the Hypotheſis PE is per- 
pendicular to A D, and is biſſected in E; 
wherefore p A = p D; therefore the dit- 
ference of the ſides Fp and p A is equi 
to the other ſide F A, which is And Bu: 


if the righ t Line E F produced beyond P, 


fall within the Hyperbola, it is manifeſt, 
that the Hyperbola will paſs on the other 
fide of E P, with regard to the Axis IT; 
therefore having drawn from any of it's 
points as 8, the Lines SF and S P to the 
Fei; (by the Generation) the Line I T (or 
FA which is equal to it) + S D 
SF; but the point S being without the 


3. C* 


*** 26 65 „ 1 


— — 


Line EP with regard to the point D, the 
Line S A muſt be leſs then 8 D, wherefore 
x SAT FA will be leſs then SF, which 
or is abſurd, for two fides of any Triangle 
nue always greater than the third; there- 
xe Wl fire the Prop. is true. 


G2 PROP. 


— — = "= 9 
* 


8 
PROP. VII. 


If the Line PE touch an Hyperbola in 
T, andif PF and PD be drawnu 
the Foci, the Angle EPE is equal to 
the Angle DPE. 


On P as a Centre, and with. the Radi- 
us PD (See Fig. Pag. 87.) deſcribe the 
Circle D A; the Triangle DPA (% Prop.s.) 
is Iſoſcelar, and PE bifle&ts the Baſe; 
wherefore the Angle DPE = FPE 
W. W. D, | | | | 


1 ' | | 75 
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PROP. vin. 


The [wi things ein * as in Prop. 6. 
I ſay there can be but one Line as 17 E 


which ſpall 5 the Eher bots in. 
the ſams point b 11 ads = 


Ler PH alſo touch the Hyp erbola inP 
if it be poſſible; from the Focus D hav- - 
ng a D perpendicular to P, and 


LET : 7 
T | . N 


having deſcribed the Circle da from the 
Centre F, and with the Radius Fd = IT 
it will meet Da in the point a; having biſ- 
ſected D a in e, and having drawn Pa pro- 
duced until it meet the Hyperbola in p; 
and having joyn'd p D and pe, a p and y D 
will be equal (by the Generation) and p-e 
drawn within the Iſoſceles Triangle ap D 
biſſecting the Baſe D a, will be perpendi- 
cular to D a; wherefore it will be parallel 

G 3 to 


£ 


on 
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to Ph; but it touches the Hyperbola in 
p (by Prop. 6.) ; therefore p e will meet a 
Line touching the Hyperbola in the point 
T, in ſome point without the Hyperbola, 
ſeeing there are both Tangents; wherefore 
the parallel P h paſſes within the Hyper- 
bola, for the Hyperbola gges from P to p, 
and the Ordinate to the point P, meets 
Ph within the Hyperbola, which is ab- 
ſurd, for Ph was ſuppoſed a Tangent 
Therefore there can be drawn but one 
Line as P E, which will touch the Hy- 
perbola in the ſame point P. W. W. 8. 


1 
Deffnition of the Aſſymptotes, 
If the right Line TA be drawn perpen- 
dicular to the Axis I T, at one of it's Ex- 
8 + 


2 D 2 — 
0 Wes P 


tremities as T, and T A be made equal 
tothe Rectangle I DT; having taken T a 
= T A; thro' the Centre C and the points 
A, a draw the Lines AC, a C indeternt- 
ned both ways from the Centre; theſe 
Lines are called Aſymptotes to the Hyper- 
bola, or the oppoſite Hyperbola's. 


COROLLARY. 


It is evident that the Aſymptotes to one 
Hyper bola are alſo Aſymprotes to the other 


that is oppoſite. | 
* G 4 PROP. 
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If the Ordinate of an Hhperbola be produ- 
- ced until it meet the Aſſymptotes in} 
and G; the Rectangle GP B is equal 
to T A 4. (See Fig. Pag. 91.) 


The Lines T A and O B are parallel; 
wherefore C Tg. T Ag:: COgq. OBg, 
and CTg.TAq::COq—CTyq =Red- 
angleI O T. O Pg. and exaquo O 
O BA:: CO 2. — CT 2. OP , and 
alternately CO . CO- C TZ: 
O Bg. OP , and by diviſion co q: 
COg— COqgtCTqg=cCTag: 
OBgqg OB - O P, and alternately 
C O. O B/: : CI 2. OB — ket 
angle O Pq,= GPH: but in the fir 
Propotiſion C O. O Bq:: C T4 
T A 4 wherefore the Rectangle G Bf 
=T A . W. W. D. a 


PRO 
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If from ſome point as P in an rbola 

1 drawn * right Line Pg — to 
the Axis I T, meeting the two Aſſymp- 
totes in b and g; 1 ſay, the Redtangle 
2P b i5equal toCT 4. | 


From the poſition of the 4[ſymprotes, b g is 
biſſected in O by the Axis C M; and 
fimilar Triangles, O B . (See Fig. in Pag. 51.) 
COq =POg::COg, or 0 P. 0bq; 
and by Diviſion, OB 4. O Bq— 6815 
Pg. 4-04; and alternately; and 
by inverfion, OB q — O Pq Rectangle 

PB. oP'q—0bq = Rectangle g P:: 
OBg. hy CO: But OB CO: 
TA. C T2; wherefore ex 2quvo Reftats 
eleG PB. Sos P:: TA. CTA: 

ut Rectangle GPB = T A. Gf the 


2 wherefore Rectangle gP 3 


7. W. W. D. 
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PROP. XL 


The _— and it's Aſſymptote ap- 
pro ach continually to one another the far. 
ther both of em are produced, and yet 
will never meet, tho P B, the part of 
the Ordinate contain d between the Hy. 
.: perbola_ and it's Afſymptote, may be 
found ſuch that it ſhall be leſs then 
any Line given. in 


: The Rectangle GPB is equal to 'T Ag. 
(by Prop. 9.) (See Fig. in Pag. 91.); but GB 
encreaſes the farther-it is diſtant from C; 
wherefore PB continually diminiſherh } 
but jt can never become equal to nothing, 
for then the Recangle G PB wou'd be 
equal to nothing, which wou'd contradict 
the forementioned Prop. wherefore the Hy- 
Is it's Aſſymptote can never meet: 

hen if a Rectangle be made, one of whoſe 
ſides ſhall be leſs than the given Line, 

which Rectangle ſhall be equal to T A q; 
the Sum of the two ſides of this Rectangle, 
as GB, being apply'd within the Angle 
made by the Aſſymptotes perpendicular- 
ly to the Axis I T, P the point that di- 
yides the ſides of that Rectangle EW 

* ; [ WI 


- 
- 
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within the Hyperbola (by Prop. g.) and con- 
_—_ PB is leſs than the given Line 
W. W. D. 


PROP: XII. | 


If two points, asP and A, be talen in 4 
Hyperbola, or one point only in each of 
the Oppoſite Hyperbola's, and thro 
theſe points be drawn two right and pa- 
rallel Lines, as P H and AD termina- 
ted by one of the Aſſymptotes as CD; 
in like manner, if thro the ſame points 
P, A be drawn two other Lines PFE, AB 

parallel to one another, and terminated at 

the other Aſſymptore C B; I ſay, the 

Rertangle PH PF = AD AB. 
Through the points P, and A, havin 

drawn = . to the 405 

EP G, and L AK terminated by the Aſ- 

ſymptotes in EG, L K; the 1 


* nn 1 — 


B 


N. | 


61 
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KP F and LAB, PGH and KHD are 
ſimilar, by reaſon the Lines that compoſe 
them are parallel; wherefore E P. P F:: 
LA AB and PG. PH: : A K. A D, 
wherefore multiplying theſe two Propor- 
tions into one another, Antecedents into 
Antece- 


3 
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Antecedents, and Conſequents into Conſe- 
quents; there will ariſe this Proportion 
EPxPG.PFxPH:: LAXAK.ABx 
AD; but the Rectangle EPG equals Re- 
Qangle LAK ; for (by Prop. 9.) they are 


equal Squares of one and the ſame right 


Line Wherefore the Rectangle PF x PH 


is equal to the Rectangle A BX AD. 


W. W. D. 
CO ROL. 


It is evident that what we have demon- 
ſtrated above for two points only, may be 
demonſtrated in like manner for any num- 
ber of points whatſoever. 


PK GF. 


Draw a right Line at pleaſure as P A 
meeting one Hyperbola, or the two Op- 
poſite Eyperbola's in the points P and 
A, and the Aſſymptotes in F and H, 
and then the parts of this Line P FP, 
AH, comprehenaded between the Hyper- 
bola, or the Oppaſite Hyperbola's, and 
their Aſſymptotes are equal, — 


BY 


p 
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By the preceding Prop. the Rectangle PF 


T3» 


DR 


x PH is equal to the Rectangle A Bx AH, 
for the Lines PF, A B, as alſo PH and 
AD are parallel, being joyn'd in a ſtreight 
Line: But the Sums or the Differences of 
H F, DB the ſides of thoſe equal Rectan- 
gles are alſo equal, being they are the ſame 
right Lines; wherefore the ſides of theſe 
Rectangles are al ſoequal, viz. PF = AD, 
and PHS AB. 


If aright Line, as E H, touch an Hyperbo- 

la in P; I ſay, that it meets the Aſſymp- 

totes in F and H, aud u biſſected by the 
point of Cent act P. 


1. Thro' the point P draw EP Gan Or- 
dinate to the Axis, and if the Tangent 2 
EE Go P 
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p do not meet the Anm totes, it will be 


parallel to one of 'em, which let be C G 
if it be poſſible. (By Prop. 1 1. One may 
find a Line leſs then PG, which being 
parallel to PG, let it be comprehended 
between the Hyperbola and the Aſſymp- 
tote; this Line (See Fig in the foregoing Pag.) 
produced will neceſſarily meet the Tangent 
FPH parallel toC G within the Hyper- 
bola, which is abſurd, for FPH is ſuppoſed 
tobe a Tangent ; therefore a Tangent 
meets both the Aſſmptotes, which is the 
firft part of the Prop. | 


2. If PH be unequal to P F, let it be 
eater if poſſible; having cut off H p = 
P, draw ep g parallel to EP G; then 
becauſe p F = Hp, and g e parallel to G E, 
pg. PG: : Hp. H P, and H p. H P, or 
their 


( 100 ) | 
their equals FP. Fp::PE. p e, and ex 

p g. PG :: P E. pe; wherefore, PC 
x PE=p gXpe; and bythe Converſe of the 
gth Prop. the point p will be one of the 
points of the Hyperbola; therfore F PH 
will meet the Hyperbola in. bwo points 


eſis, for it is 


P, p contrary to the Hypoth 


ſuppoſed to be a Tangent. Therefore the 


Prop. is true. | | 
PROP. xv. 


Thro' the points P, A of an FHyperbola, 
dra the right Lines F H, B D paral- 
.» tel to one another, and meeting the A., 
ſymptores each of em in the points E, H, 
B, D; I jay, the Rectangle PExPH 
i, equal to the Rectangle ABX AD 
br A Bg, if BD roach the Mperbo- 
ua in the point A. 


| This Propoſition is evident from Prop. 


* * 
: 


12. and 14; for the Lines P F, PH, - 


r WW Www E WY WE 


AB, AD are parallel ; and if BD be a Tan- 
gent in the point A, it is divided by the 
point A into two equal parts (by Prop. has 


PROS. XVI. 


If from any point P of an Hy lla be 
op: A 55 wy parallel Ho de- 
terminate Diameter, as CA; I ſo, 
P H meets the Aſymptotes' in F and 
H, and the Ret angle Thy en N 
C. Ag. 


( 102 ) 
For CA is within the Angle made by 


1 H 
2 


C 


the Aſſymptates; therefore it is man 
: 1 nch is pamillel to CA, 
| \yniprotes in F and H: By: 

(by (by Bop. 12. che Lines A C and Þ being 
parallel, and meeting the Aſſymptote CF; 
and A C and PH being allo parallel, and 
meeting the other Aſſymptote C H, the 


a 


Refght AC: AC 4 AC ro is * 
K 72 1 3 LJ. Js. 3 
A. N IK IP or n. He 1 
— 2 i 22 N IA « 


7 from the points p, A of an li 
or Oppoſite Hyperbols s, be - 


P H, and A B, A D parallel toit's A. 
Jymprotes 5 the Paralielogram PF CH 
is equal to the Parallelozram A B CD. 


10 i= By 


(103 ) | 
By Prop. 12. the Rectanglo F F xPH is 
. UA ES, 


D | | A 
x 5. 7 
n ir 
7 1 
2 KR 


equal Rectangle AB* AD; wherefore 
PH. ay AB. PF; but the Angle 
FPHis eq 42 BAD; wherefore to 
4 . and C A are equal. 


P R O P. XVII. | 


i the right Lines K I, EG touch as 
Fiperbola or Oppoſite fre Hyper lola s ;1 ſay, 
the Triangles 0 I and E G C compre- 
hended + £2 the Tangents and the Aſs 


; MW ſmprotes are equal. 


7 (104) 


Tro the points of Contact P and A, 
having drawn the Parallels to the Aſſymp- 
totes AB, AD, and PF, P H ( th 


1 
3 


precedent Prop.) the Parallelograms C A and 
CP are equal; but becauſe the Tangents 
are biſle&ed, by the points of Contact (b 
Prop. 14.) the Parallelograms CP ſhall oy 

1 | 2 


(105 
the Triangle CI K; and the parallelogram 
C A ſhall alſo be + the Triangle CE G; 
wherefore the "Triangles are equal. 


W. W. D. 
PROP. XIX. \ 


If aright Line as B T A touchan Hy- 

perlola in T, aud as mam other Lines 

44 you pleaſe as PE, LI be drawn Pa- 
rallel to this Tangent, and terminated 
in the Hyperbola ; I ſay, the Diameter 
O CT araws through the point of Con- 
tat T, biſſects the Parallels P E, LI 
in N and H. | 


The 


OO 


The Tangent B A is biſſected in T (by 
a 14.) wherefore PE, LI being produ- 
ced to the Aſſymptotes in G, D, M, K; 
GD and M K will alſo be biſſected in 
the points N and Hby the Diameter 
C T; but GP E D and ML =IK 
(by Prop. 13.) wherefore ON = N E, and 

PROP. 


8 * is Ä. 


( 107 ) | 

| 

P ROH XX. 
| 


if a' right Line as A B̃ touch an Elyperbo- 

a in the point T, draw the Diameter 
X CR pargltlto the Taupenr AB 
and another Diamter as OCT, paſ- 
ſing thro the point of Contact T; I ſay, 
that all theſe Parallels as PV, pu to the | 
Diameter O T, and terminated beten 
the Oppofite Hyperbola's are biſſetfed in 
R and r by ile Diameter X C R, 


Becauſe A B, which is parallel to X C- 
is biſſected in T, it follows that Q8, and 
46 comprehended between the Aſſymptotes, 
and the Parallels to C T will likewiſe be 
biſſected in Rand v but PQ S V, and 
pe = 5 u; wherefore PR RV, andpr 
Dru. W. W. D. | | 

FTE: DE FIN- 


H 4 


(18 ) 
DEFINITIONS. 


4 * 


1. The Diameters O T, X R whoſt 


Properties we have demonſtrated in _ the 
two preceding Propoſitions are called Con- 
Jugates to one another (See Fig. Prop. 19. and 
20.) 8 * 


2. A right Line as E N parallel to one 


of the Conjugates as X C is called an Or- 


dinate to the other O T, and reciprocally 
VR is an Ordinate to X C. | 


PR OP. XX: 


The Square of EN Ordinate to à deter- 
minate Diameter as O T, is to the Reft- 
angle ON Xx IN, as AT 4. ist0 
C T7 (See Fig. Prop. 19.) 


From ſimilar Triangles D Ng. T A 9:: 
CNgq.C Tg; and by Diviſion DN gq— 


TAq=GED by Prop. 15. (which is 


EN) is to TAq::CNqg - CT9q 
( equal to the Rectangle O N x T N 


CT q; wherefore ENT A? :: O Nx. 


N. CT. Q E. D. 


= 
. 


Cook ol. 


— 


. 
* 


, 


( x09 ) 


COROL. 


It is evident, that the: Squares of the 
Ordinates E N, IH to a determinate Dia- 
meter O T, are as the Rectangles O Ny 
T N, O Hx TH, made under the parts of 
that Diameter, which are comprehended be- 
tween its Extremities O and T, and N and 
H the points here the Ordinates meet it. 


DEFINITIONS. 
1. Let CA be to T A as T A is to 


x 
half of T P; the right Line TP is called 


- * of the determinate Diameter 


2. The Rectangle OP contained under 
the determinate Diameter O T and it's 
Parameter is called the Figure of that Dia- 


meter O * g 
PROP. 


(uno) 
P R OP. XXII. 


meter TP, whoſe Altitade is T Nth 
_— which ra exceeds PN 
by the Reckangii P 
lar and ſimilarly pofited to the Figure 
O P. (See Fig. preced. Defin.) 


By the formation of the Amon; 0 T. 
TP: CT 2. 147. and (by the precedent 
Prop.) C T g. T A:: Rectangle ON x 

TN NE but * Rectan cle O Nx 
TN MNzTN: : ON. MN. and ON. 
MN::OT.TP, andex æquo the Rectan- 
gle ONx I N. NE ꝗ:: Rectangle O Nx 
T N. M Nx T N; wherefore — Rectan- 
bw * equal to NE g. 


W 


If the Parameter TP be equal to the 
Diameter O T, ir follows, from the for- 
mation of r that T. A will 
be equal to CT I. e equal the ſame Par 
rameter. But i it is Ivo = (by Prop. 15 + 

; | that 


The Square of E N an Ordinate to 4 obs 
terminate Diameter 4s OT, is egal 
tie Rectangle T M apphy d to the Pa. 


whith 14 [7 Mie 


( 118 ) 
that the Triangle AB G is re&angled in 
B, if the Diameter drawn from the Centre 
C to the point of Contact A, be equal to 
the Tangent A G, comprehended between 
the point of Contact A, and the Aſſy mp- 
tote; for the Triangle C A G will be 
Iſoſcelar, and the Baſe C G muſt be biſ- 
ſefied in B, by the Line A B, which is pa- 
rallel to the other Aſſymptote CE; where- 
fore if the Aſſymptotes of an Hyperbola 
interfe& one another at right Angles, all 
their Diameters and Parameters will be 
equal: And if in an Hyperbola a Diame- 
ter be equal to it's Parameter, all the others 
will be ſo too, and the Aſſymptotes will 
be at right Angles. And moreover it is 
farther evident, that an Hyperbola whoſe 
Aſſymptotes are not at right Angles, can- 
not have any Parameter equal to it's Dia- 
meter. 


PROP. XXIII. 


If i the Oppofre Hyperbula's, tmo right 
Lines H I, FG parallel! to two Conjur 
gate Niamot ers AB, OT, meet in 4 
point as R; I fay, the Rectangle A R &. 
Rectangle HR I:: Diameter OT. 
to it's Parameter. 


Having 


190 


2 


6113) 


fn like manner G F is biſſected by the 


Diameter AB; but CO = CT, and ML 
3 
21.) LFZ NI: : Rectangle OL . 


Rectangle ONT ; and by Diviſion, if 


the point R be without the Oppoſite Hy- 
perbola's L F q — NI q(= Rectangle 
HR IL) is to 1 Rectangle OL T. 
— Rectangle ONT (= MN L or FRG, 
for MO and TL are equal) ONT; 
therefore the Rectangle H R I. NIq:: 
Rectangle FR G. Rectangle O N T. 


But if the point R be within one of the 


Oppoſite Hyperbola's, by Piviſion, N12 


— LF , or-GMgq, or NRq(LF, 
G M, and N R being all three equal} 


equal to the Rectangle HR I:NIq:: 
Rectangle ON T — Rectangle OL T 
(OLT being equal to the Rectangle O M 
T which is equal Rectangle FR G) is to 


the Rectangle ONT. But in theſe two 


caſes, (by Prep. 21.) and the Definition of 
the Parameter, Rectangle ON T. N:: 
Diameter O T. it's Parameter; wherefore 
ex aquo the ReQangle FRG.HRI:: 
Diameter O T. it's Farameter. W. W. D 


FROF. 


| 
| 


(114). 
FI an Hynerbola as PT = whoſe Alis is 
17, and it's Centre C, let H be the 
.; potnt where 4 Tangent as P H meets the 
A, au let P.O be an Ordinate tothe 
Auis paſng thro the point of Cantal 
1 Py; I jay; CH. C I:: CT. CG 
| 


(135) 


Let the points F, D be the Fodi, and 
from P as a Centre ; and with the Radius 
pP, having deſcribed the Cirele MS DA, 
and drawn the Line D A;: the Tangent 
P H will biffect D A in E ( Prop. 6.J 
From the points F, C, H, having drawn 
F A will be Biſſected im, becauſe F is 
We eee oy) e 

Nom fimilar Triangle, FP. P A:: EG. 
AF, or DE equal to it, and F G. PEK 
:: F H. D H, and FH. PH :: FV. VA; 
conſequently ex æquo FP. PA: : FV. VA; 
by Divifon, FP F A= FA. PA:: FV 
— VAS 2 RV. VA; but F A. 2 RV 
:: as their halves, viz. R A RV. and ex 
quo RA. PA: : RV. VA; 2988 
on, RA. RA ＋ PAS RP. RV. 
RVFT VAS RA; wherefore R A. 
RP: : R V. RA; therefore RA 7 
RP RE RV. | 

Now, as in the firſt Propoſition, becauſe 
of the Circle MS PA, F D. F A:: F M. 
FS, and their halves C PD. R A:: RP: 
CO; But C D. RA: : CH. R V, and 
K. RPC O:: C H. R V. and the 

ectangles under the extreams and means 
being equal, CH x CO is RPXRV; 
but the Rectangle R Þ x R V was demon- 
| h ſtrated 


hk. 


„ 


0 ( 116 ) 5 
firated abore to be equal RAg, and RA 
= C T by the Conftruftion ; wherefore 
CTq= CH x CO therefore CH 
C T:: CT. G CO. Q. E. P. | 


COROLLARY- 


Since C H. C T:: CT. C O by invert- 

ing the Demonſtration of the 1ſf Article 
of this Prop. it may be prov d, that 1 O. 
OT:: IH. H T, and the Line IQ is 
ſaid to be divided Harmonicaly in the points 
L Q, T. H. | 


2 
* 
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TREATISE 


Conick Sections. 


— . 


ions of the Conick Sections 
apon 4 Plain. ot 


Ti be Deſeript 


upona Plain, by the continual motion 

a Point with Machines, is fo ſubject to 

errour, that it ought not to be uſed above 
once, leaſt its perplexity ſhou'd diſcourage 
the Learner; and I am apt tothink there 
is nothing more Requiſite than to find an 

Infinite number o — after an eaſy 

man- 


1 HE Method of Deſcribing Curve Lines 
of 


(_ 118 


manner, thro' which may be drawn the 
Curve Line deſired ; and as it requently 
happens that there is occafion but for a 
ſmall part of a Curve line, ſo there may be 
found ſo great a number of Points, chat 
there can be no conſiderable errour in 
drawing Curve through the Points fo 
found. The Deſcriptions of the 3 Conick 
Sections which I how given at the begin- 
ning of the Demonſtrations of every one 
being generally received for the moſt ſim- 
ple, when the Fri or A are known, 
it wou d be needleſs to ſeek for any other, 
uhen thoſe things are given. But becauſe 
it often happens, that one may have occaſi- 
on from other date to deſcribe the Sections, 
for inſtance to deſcribe the Parabola hav- 
ing given only one of the Diameters, 
with its Parameter, and the Angle the 
Ordinates make with that Diameter. To 
deſcribe the Ellipſis having given 2 Con- 


jugate F ;,and, to a 
bola — — ns 40 
CET 


Carve, or a 2d fee Parameter.; 
or in one Word, E 4815 any of the 5 
Sections, having given a Diameter with, 


one of.its Or 5 {tay I have therefore 


given the Deſcriptionsof theſe Linesin the 
cafes Propoſed. 


PR OB. 


( x19 ) 
2D £2 


A Diameter of a Conich Seftivn | being 
given with an Ordinate to that Diameter 
to find the Parameter; and in the Ek 

fis to dotermime its cohjugare Dime: 


lip 


= 


=... 
For the Parabola. 


If you ſay, as the Intercepted Diameter 
is to the Ordinate, ſo the Ordinate to a 
third Proportional. It is Evident by the 
Definition of the Parameter of a Diameter 
in the Parabola that this third Propotional 
is the Parameter Sought. 


For the Ellipſis and Hyperbola. 


If you make as the Re&angle under the 
parts of that Diameter, made by the Ren- 
counter of the Ordinate to this Diameter, 
is to the ſquare of that Ordinate, ſo is the 
Diameter to a fourth Proportional, 
which fourth Porportional thus found 
will be the Parameter of that Diameter: 
And in the Elipfs having found a mean 
proportional — the Diameter, and 

2 Its 


| 6120) 
its Parameter. And having drawn thro 
the Centre a line parallel to the Ordi- 
nate, and equal to the mean Proportio- 
nal found and which is biſſected by the 
Centre, we ſhall have the conjugate Di- 
ameter to the Diameter propoſed ; as is 
evident by the Definition * Parameter of a 
Diameter in the Elipſis and Hyperbloa, and by 
Prop. 17. and 18. of the Elipfis. 


(121) 
P R O B. II. 


In an Hypetlola, a determinate Diame- 
ter with its Parameter being given, 
the Angle which this Diameter makes 
with its Ordinate, to deſcribe the 
Amptotes. 


1 


(122) 
Let the Diameter given be O T, and the 
Angle ON E, which this Diameter makes 
þ with its Ordinate, thro' the extremity T 
1 WAT B parallelto E N; and having 
ö and A B, a mean Proportional between 
the Diameter O T and its Parameter, 
biſſectz it in T, and thro the Centre, and 
the points A and B, produce CA and CB 
on each ſide the Centre C. I ſay, that C A, 
C B, are the Aſſymptotes of the propoſed 
Hyperbola ; as is evident by the Generation of 
þ the Parameter of an Hyperbola. 8 


K * -. * * * ww 
CERES. % a”. R ˙ - TO er As — N 


— 
Ex SH 
— — 


PRO B. III. 
The Right 45 1TD being given for the 


Diameter of 4 Parabola, and the point 
P for one of its points, together with 
the line CT touching it at T the ex- 
tremity of that Diameter: Or rather 
the Angle DTC = to the Angle the 
Diameter makes with its Ordinate; 
Zo deſcribe the Parabola. 


Inn 


 — Fo ny vv. 65 -—- go. Im — 


Thro? the point P having drawn CP pa- 


| rallel to T D, and prolong d it downwards 
. | from P, take GC i, i, 2, 23 Ce. Equal to 
one another, of what bigneſs you pn 

. | - * | 0 


'% 
| 
; 
. 
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you do £5 begin at the 7 C where 
vo meets 1 C produce TD upwards 
tn ſet off eas ſain parts from T, taking 


em thus TI, III, II, III &c. Haring drawn 
rr meeting one another in 8, I ſay 
the point S is one of the points of the Para- 


bola required. 


Draw S B parallel to DT; and from the 
Triangles TBS, T Ci, and I TS, 
18 BS. Ci=TI: : T'B.T C; T I. 
i PT TlIorCi= CP: : TS. Ti 
TB. T C wherefore BS. C in a yk 
— ratio of T B to TE-; But likewiſe 
14 8 


(4) 
TBq: T Cq in a duplicate ratio of their 
fides TB, TC; wherefore T Bg. T Ca 
: B S. C P, and the point P being one 
of the ponits of the Parabola, It is evident 
by Cor. 3. Prop. 1. of the Parabola, that S. will 
alſo be a 5 in the Parabola required. 
In the ſame manner it may be demonſtra- 
ted that S the rencounter of PII, and T 2, 
and Z that of P III and T z, and ſo on, 
will be points in the ſame Parabola, and if 
the parts C i Oc. be taken very ſmall you 
may find 3 points very near one another, 


PROD 


(1256) 
p RO B. IV, 


The Right Lines A B, E D, being gi- 
ven for the conjugate Diameters of an 
Ellipſis interſecting one another in C: 
To deſcribe that Ellipſis. 


Thro' D the extremity of any one of the 
Diameters; draw DP perpendicular to 
the other conjugate Diameter A B, and 

produce it both ways, and upon this line 
take D Q on either fide of D 3 

| 2 AB; 


P — 2 — 


E 


Z AB; thro the Centre C, and the point 
Q, draw the Line C Q produc'd both 
ways from C; from any point O of the 
Diameter DE having drawn the right 
Lines OS parallel to C A, and OG parallel 
to DQ; and upon the Centre G, and 
with the Radius G S = CA having de- 
ſcribed the Ark 8 meeting OSinS: I 
fiy, the point 8, is one of the points of 


* 


the Elpps required. 


From - 
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From the ſimilar Triangles CDQ. COG. 
CDg-COgzzR5q:: DQ 9=GS=CAg. OGg, But 


O G7 = difference of G S 4 and 
SOg for the 3 G Os is Rectan- 
gled in O, and after the ſame manner, 
GOq is = difference of the Squares of 
CA and CR, which are equal to G & 
and S O; and the difference of CA q and 
CR is Rectangle BR A; for AB 
is biſſected in C, wherefore CDg. RSg 
:: CA. BRA and (by Prop. 18.) the 
point S is a point of the Elipfis required, 
and ſo may an infinite Number of other 
points be found. 


Another manner of Deſcription for the 
ſame Conſtract ion. | 


Having drawn C Q as above, and ta- 
king G ſome point in the Line CQ fora 
Centre, and with the Radius GF = GP, 
having deſcribed the Ark F cutting CB 
in F, and having prolong'd F G to 8. 
and drawn GS = CA; I ſay, the point 8 
is a point in the Elis required. 


Thro 


( 128 ) 
Thro' the point G having drawn I GO 
arallel to DQP;FG= PQ. GI:: 
5 QS GS. GO; wherefore it SO be 
Drawn it will be parallel to C A, and it 
may be demonſtrated as above, that the 
point S is a point in the Elipſis ſought. 


Hf the Lines AB, DE be the Axis. 


If the Lines AB, D E be the Axes, the 


Preceding method will ſerve; for it is evi- 
dent that the Lines C Q. and C D will be 
joyned, and that Q will be the difference 
in the 1 Fig. and the ſum in the 2 Fig. in 
the preceding Prob. of the 2 Semi- axes; 
and that the Points as Gought to be taken 
upon CD; and the reſt of the conſtruction 
and demonſtration will be the ſame as be- 


fore. 


Another manner of Deſcription by the help 
of a Circle. | 


In - the preceeding Figure, the Reader 

muſt ſupply the Circle, and the Lines 
which are not there; which-is very 
eaſy to do. 


Wy SUD ee 
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If the r of a Circle be deſcribed 
with the 

A D; if from any point R of the Diameter 
C A you erect a perpendicular and con- 
tinue it to the Circumference of the Cir- 
cle, this perpendicular will be a mean 
Proportional between B R and R A; and 
having drawn R O parallel to A D, and 
OS parallel to C A, to the mean Pro- 


portional between BR, R A. I fay 


the point S is in the Ellipſis ſought. 


By the Cunſturctions CD g. CA q:: Re- 


ctangle EO D. Rectangle B R A O Sg; 
wherefore CD. CA Qor E D 4. B A :: 
Rectangle EO D. OS ꝗ; and h 18. Prop. 
Elip. the point S is a point in the Ellipfis 
lought. 
Note in this ſuppoſition OS C R, are 
not = as in the Figure. 


ius CA, and having joyned 


(4309 
PR OB. V. 
The Afſymptotes CD, CM being given | 
with a point in the Hyperbols ; "tis 20. 
quired to deſcribe the Hyperbola- 
Thro' the Point P. draw BP I, E PK, 


EPL at pleaſure, terminated at the Aſſym- 
ptotes ; and make BA = PI, EG = PE. 


FH PL, I ſay the points A, G, H, 
are in the Hyperbola required; this is evi- 
dent by the 13. of the Hyperbola. 2 


( 131) 
And if thro? any of the points found 
you {till draw other lines as DM, make 
MN =DA, and it is evident for the 
{ame reaſon, that the point N is in the 
Hyperbola. 


Dol G4 3 


—— tb OSS og te — — — — — — —:bQ 


4 E ͤͤů % ĩ7é7[—'o «cc ð : ——[— - 4 44ͤ „ 


